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ABSTRACT
Tidally Generated Waves from Dual-Ridge Topography
Ian Derik Sanderson
Department of Mechanical Engineering
Master of Science
Internal waves are generated in stratified fluids, like the ocean, where density increases with depth.
Tides are one of the major generation mechanisms of internal waves. As the tides move water back
and forth over underwater topography, internal waves can be generated. Topography slope and
amplitude are major factors in the behavior of the generated internal wave field. In order to further
understand the effects topographic shape plays, the effect of asymmetry on internal waves is
investigated.
This research investigates internal waves generated by dual-ridge topographies. Four cases of
symmetric topographies, T, M, W, and W2, with three different peak spacings are compared to
their singular ridge counter parts at three oscillation frequencies, ω = 0.6N, ω = 0.75N, and ω =
0.9N. Both subcritical and supercritical symmetric ridges were investigated. Experiments were
also performed for subcritical, asymmetric dual ridges at the middle oscillation frequency. The
internal wave fields were captured with synthetic schlieren and analyzed with the Hilbert transform
and sum of kinetic energy in wavenumber space. It is found that for wave fields from substantially
separated ridges, mixing and wave interference occurs that decreases total kinetic energy of the
system.

Keywords: internal waves, stratified flow, asymmetric topography, dual ridge topography,
synthetic schlieren, oceanic bathymetry, Hilbert transform, supercritical topography
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CHAPTER 1. INTRODUCTION

1.1 Motivation
Internal waves are consistently generated in both the ocean and atmosphere due to a
continuous increase in density with depth. They carry momentum across ocean basins and from
the troposphere up through the stratosphere. Oceanic internal waves can transmit significant
energy across oceans. As these waves interact with other currents and waves, they may steepen
and break causing mixing of the surrounding fluid, influencing the movement of microorganisms,
nutrients, and minerals throughout the ocean.
An energy budget analysis averaged over all the oceans suggests that approximately 2
terawatts of power is required to keep the oceans well mixed [1]. It has been hypothesized half of
this comes from internal waves breaking. Thus, it is important to better understand how these
waves are generated and at what scales to better estimate their subsequent propagation and
breaking dynamics. An improved understanding of the ocean internal wave field would improve
climate and weather models as well as inform construction of highly effective renewable energy
devices that take advantage of the large magnitude of these waves.
The wavelength and period of internal waves can vary greatly in the ocean, with
wavelengths as short as a few meters to as long as a few kilometers [2], [3]. Their period can be
days or only minutes [4]. Apel et. al first measured large amplitude internal waves called internal

solitons. “Solitons” are solitary surface manifestations of internal waves [5]. Amplitudes of the
observed waves reached up to 90 m and wavelengths were near 16 km [3].
Internal waves are consistently generated by tidal flow over topography on the ocean floor.
Prior studies of Garrett and Kunze have found the energy generation of these internal waves
surrounding large local topography such as the Kaena Ridge or French Frigate Shoals [6]. Whereas
internal wave generation over real topography is complex and varies significantly across the ocean,
characteristics of tidally generated internal waves near ideal symmetric and smooth topographies
is well known [7].
The research presented in this document investigates increasingly more complex
topography to characterize effects of topographic asymmetry on internal wave generation. Many
studies have investigated highly idealized bathymetry (characteristics of the floor of a body of
water) or very localized topography shapes, but the differences in wave generation which occur
between topographies in ideal models and the real world have not been adequately explored.
Therefore, this research is designed to bridge this gap by characterizing the impact of a few specific
mechanisms of internal wave generation by increasingly more realistic topography features.

1.2 Introduction to Internal Waves
Internal waves are generated in stratified fluids, where density increases continuously with
depth. Both the ocean and atmosphere are stratified fluids. The stratification of the atmosphere is
determined by the decrease in temperature and pressure with the increase in altitude [8]. In the
ocean, the general trend of decreasing temperature and increasing salinity causes an increase in
fluid density with increase in depth. Internal waves are then formed as fluid is displaced from its
neutrally buoyant position such that the fluid is surrounded by a more (or less) dense fluid. As the
2

fluid returns to its neutrally buoyant position, the fluid momentum causes it to pass its equilibrium
position and buoyant forces again cause the fluid to move. The frequency at which these
oscillations naturally occur is the Brunt-Vaisala, or buoyancy, frequency and defines the strength
of the stratification. It is commonly denoted as N where
𝑔 𝜕𝜌

𝑁 = √− 𝜌

0

𝜕𝑧

(1.1)

and g is the gravitational constant (9.81 m/s2), 𝜌0 is a reference density, and 𝜕𝜌⁄𝜕𝑧 is the change
in density in the vertical direction, where z is positive upward such that 𝜕𝜌⁄𝜕𝑧 is negative and N
is real for stable stratifications.
Any disturbance to the fluid at a frequency ω less than N will generate waves propagating
both vertically and horizontally. If ω is much less than N, then waves corresponding to harmonic
waves with frequencies of nω (where n = 1, 2, 3 . . .) are also observed as long as nω remains less
than N as well. For disturbances of ω greater than N, generated waves only propagate vertically
and decay exponentially. These waves are called evanescent waves. If N is not uniform, a wave
may pass across a threshold called a turning depth where ω = N into a region where ω is less than
N. In this scenario, the wave will propagate as an internal wave in the region where ω < N.
A simple example of internal wave generation is found in the case of uniform twodimensional flow with constant N over a sinusoidal corrugated surface as shown in Figure 1.1. The
topography is shown in blue, and the waves are shown moving along isopycnals (lines of constant
density). Following the crests of waves across different wave planes perpendicular to the cresttrough motion shows the energy propagation of waves. The phases propagate orthogonally (always
in the opposite vertical direction) to the energy as shown with phase speed c in Fig. 1.2 (a). Using
the dispersion relation, the phase velocity and group velocity of waves in a medium can be directly
calculated.
3

Fluid flow, u0

θ

λ

cg

cp

λ
H

Figure 1.1 Waves generated by uniform flow over a corrugated surface. Fluid flows from the
left to right. The ridge is shown in blue.

Phase speed is the rate of propagation of the wave crests and troughs in a medium and is
given by
𝑐𝑝 =

𝜔
|Κ|

(1.2)

where Κ is the wavenumber vector in three dimensions. The group velocity, cg, represents the
velocity of the wave energy, and it can be seen propagating away from the topography. It is given
by
𝜕𝜔

𝑐𝑔 = 𝜕𝐾⃑
⃑⃑⃑

(1.3)

It is known that the vertical flux of energy is dependent on the reference density 𝜌0 , horizontal
flow velocity 𝑢0 , hill height H, and the horizontal wavelength, λ, of the hill [8]. For generated
waves, the wavelength is the same as the topography such that the horizontal wavenumber, k, is
also defined directly by the topography as 𝑘 = 2𝜋⁄𝜆.

4

When ω is much greater than the local rotation rate of the earth, N, ω, and k for three
dimensional internal waves are related to the vertical wavenumber, m, and lateral wavenumber, l,
with the dispersion relation:
𝑁 2 (𝑘 2+𝑙2 )

𝜔2 = 𝑘 2 +𝑙2 +𝑚2

(1.4)

⃑ = √𝑘 2 + 𝑙 2 + 𝑚2 . The
Phase propagation direction can be defined by the wavenumber vector, 𝐾
dispersion relation further simplifies when considering the two-dimensional propagation of
internal waves. When l = 0
𝑁2 𝑘 2

𝜔2 = 𝑘 2 +𝑚2

(1.5)

The dispersion relation relates the wave number and frequency [9] and is a necessary condition for
solving the Navier-Stokes equation.
The wavebeam propagation angle measured from the vertical as shown in Fig. 1.1 is
calculated as θ = cos-1(ω⁄N) and therefore changes dependent on oscillation frequency ω, and as
ω/N approaches 1, the angle of propagation approaches 0° which is the natural frequency
propagation angle.
Ocean topographies are on the order of one to one thousand meters tall. Density of ocean
water is on the order of 1030 kg/m3. In the ocean, tidal motions cause non-uniform flow, and
internal waves in deep oceans are commonly generated as semidiurnal (twice a day) tides oscillate
oceanwater back and forth over underwater topography, as shown in Figure 1.2 (a). These
semidiurnal tides, known as M2 tides, have an oscillation frequency of ω = 2π/12.4 hours-1 [10].
On the left of Fig. 1.2 (a) is a graph depicting the approximate density variation with depth, and
on the right, waves are shown propagating upward away from each side of the topography to the
left and right.
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Figure 1.2 (a) Stratification profile of fluid (left) and diagram of internal waves propagating
from topography (right). Phase velocity c is denoted with the dotted arrow, group velocity cg
is denoted with the solid arrow. Full excursion length, 2p, is shown. (b) Wavebeams created
by tidal flow. The wave crests are shown in blue, and troughs are shown in green. The model
topography is on the order of 3 – 10 cm tall.

This sketch depicts how internal waves generated by oscillating flow over an individual
ridge can propagate both vertically and horizontally and thus can transport energy throughout the
stratified medium irrespective of generation location. A corresponding synthetic schlieren image
of an experiment accomplished in the Brigham Young University (BYU) Stratified Flow Lab is
shown in Fig. 1.2 (b). Internal waves propagate at an angle measured from the vertical 𝜃 =
cos −1 (𝜔⁄𝑁). Propagation of tidally generated waves at angle θ are shown in Figure 1.2 (b). The
beam generated by the crests and troughs of the waves is appropriately named a wavebeam.
Experimental wavebeams are seen in seen in Fig. 1.2 (b). Wave crests are shown in blue and violet,
and troughs are shown in green.
The horizontal wavelength, λ, of the generated wave is defined by the width of the
topography, w, and the excursion length, p, of the tides [2].
𝜆 =𝑤+𝑝
6

(1.6)

The excursion length is the distance the topography moves in half a period. Topography width, w,
is defined in this research by the width of the base of the ridge at 10% of the amplitude.
For waves generated by oscillating flow, the excursion number defines critical stability
limits for local wave breaking due to relatively large inertia impacting boundary layer dynamics.
𝐸𝑥 =

𝑈

(1.7)

𝜔𝜆

where U is linear velocity, ω is the oscillation frequency, and λ is the topography width. Ex is
generally small for large generation sites but can be large for smaller topographic features under
energetic tides. As excursion number increases, local energy loss due to turbulence increases and
clarity of the generated internal wave beams decreases [11].
The topography slope is the prime influencing factor in local wave breaking. As
topography slope increases, so does the possibility of local wave breaking. Specifically, internal
wave steepness, called criticality, is defined as
𝜀 = 𝑆𝑡,𝑚𝑎𝑥 ⁄𝑆𝑤𝑎𝑣𝑒

(1.8)

where St,max is the maximum topographical slope and 𝑆𝑤𝑎𝑣𝑒 = √𝜔 2 ⁄(𝑁 2 − 𝜔 2 ) is the slope of
generated waves and is valid for any form of wave generation. This relationship neglects the effect
of earth’s rotation which is a sound assumption for scale topographic models. Ridges are classified
as subcritical (ε < 1), critical (ε = 1), or supercritical (ε > 1). Energy of internal waves generated
from subcritical topography increases with increasing ε, until ε = 1, where linear theory is no longer
applicable and wave beams overturn [12]. Waves scatter when ε > 1 [13].
Slope criticality, excursion number, and the Froude and Reynolds numbers that are tested
have counterparts in the ocean as do the height-to-width ratios of the topographies. The Froude
number is ratio of the flow inertia to the gravitational forces of the external field and is given
𝐹𝑟 =

𝑈𝑘
𝑁
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=

𝜔
𝑁

(1.9)

where U is the linear fluid velocity and k, N, and ω have been defined previously [14]. Linear
theory predicts that the disturbances are evanescent if Fr > 1 and that propagating internal waves
are generated if Fr < 1.
The Reynolds number is the ratio of inertial forces to viscous forces in a fluid, and
characterizes the flow in the wake of an object. This ratio measures the region of a fluid called the
boundary layer where these forces change and is given
𝑅𝑒 =

𝑈𝑎
𝜈

(1.10)

where ν is the kinematic viscosity of the fluid and U and a have been defined previously [14]. Low
Reynolds number values indicate that fluid flow is laminar around an object.

1.3 Internal Wave Generation by Symmetric Topography
The following chapters review prior research on the effect of topography shape on internal
wave generation for relatively simple smooth, symmetric topography. Then, more complex, multipeaked topographies are discussed followed by simple, asymmetric topographies. Finally,
observations of highly complex, real topographies are discussed.

1.3.1 Single Symmetric Topographies
First, single symmetric topography research progress will be presented then multi-peak
symmetric topography. Much of this research is discussed in relation to energy conversion—which
is energy converted from tides into internal waves as a measure of the impact of topography shape.
Prior research has investigated internal wave generation by both uniform and tidal flow over ideal
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bathymetric shapes which can be defined by relatively simple equations such as those shown in
Figure 1.3, including a semicircle, Gaussian, Witch of Agnesi, and knife-edge [4], [15].
Experiments with these topographies can be easily compared with theory for linear scenarios
because analytical solutions are available for these shapes.
Figure 1.3 shows the different types of single ridges that have been researched previously.
King, Zhang, and Swinney investigated the effects of topographic amplitude, asymmetry, and
harmonics of a half sphere [16]. This research found an unexpected flow perpendicular to the
forcing plane through the center of the sphere, in the direction of the oscillating tide which are
attributed to supercritical scenarios. This perpendicular wave flow has a time-independent
component and a component oscillating at twice the tidal frequency. This shows that the timeindependent part of the perpendicular flow forms a large-scale horizontal circulation, which could
enhance material transport and mixing near bottom topography in the oceans. It was also found
that the results of internal waves from three-dimensional topographies agree well with results of
two-dimensional cases.
Investigations of the energy conversion from tidal motion into internal waves surrounding
Gaussian topographies have also been studied because the expected wave behavior can be
numerically predicted [13], [17]. Echeverri, Peacock, and Balmforth, for example, investigated
Gaussian topographies with both analytical and experimental methods [18]. The analytical solution
of the streamfunction for a Gaussian curve was compared to two experiments of subcritical and
near critical topographies. The experimental results for the subcritical and near-critical Gaussian
cases agreed well with the predicted wave behavior when viscous effects were considered.
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Figure 1.3 Examples of symmetric topographic shapes. Equations are defined such that r is a
radius of the defining circle and z is the vertical height.

Theories have been developed to characterize tidal conversion [19]. Bell’s theory posits
that energy conversion is proportional to the square of the hill height. Balmforth, Ierley, and Young
conducted analytical studies of the rate of energy converted into internal gravity waves by the tide
at Gaussian and sinusoidal topographies that updated previous estimates of internal wave energy
propagation [12]. It was found that energy conversion from a Gaussian topography is 14% greater
than Bell’s theory predicted with an energy density of 0.26 J/cm2.
The knife-edge topography is helpful to understand the limit of experimental
approximations. Petrelis, Smith, and Young used this approximation to find the limit of criticality
as topographies became thinner and more steep [20]. It was concluded that one can obtain an
estimate of the tidal energy conversion to internal energy for supercritical ridges by using the knifeedge result. For investigations of subcritical ridges, the results show that approximations for ridges
with ratios of ridge height to total fluid depth of 0.1 hold.
Theory of a knife edge topography was compared with real bathymetry using the energy
flux generated by each ridge. Energy flux is defined as how much energy passes through a certain
area per unit time. The energy flux of the knife edge ridge was found to be twice that of a Witch
of Agnesi ridge of same height but smaller slope. The Gaussian ridge of equal height was only
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found to have 1.14 times the energy flux of the Witch of Agnesi. St. Laurent, et al. noted that the
linear prediction models used in this study assume ε < 1, so the estimate for the knife edge may
exceed the estimated energy flux [21]. It was concluded that for very large amplitude ridges such
as Hawaii, the internal tide energy flux is largely determined by the overall topographic height.
Harmonic waves are not uncommon to find in the study of internal waves, and have been
observed in many experiments [11], [10], [16]. Investigations of two-layer, periodic, interfacial
waves passing over a Gaussian ridge show that waves of higher harmonic frequency can be excited
at the ridge, which then propagate downstream independently of the incident wave [22].
Researchers at Stanford University investigated periodic, monochromatic, interfacial waves. In
laboratory experiments, the amount of energy transferred to higher harmonic frequencies increases
with the nonlinearity of the main wave over the ridge crest. When the wave nonlinearity is
increased to the point where breaking occurs over the ridge, harmonic generation can still occur.
The wave phase speeds showed that the waves are not bound to the harmonic components of the
wave. The length scale of the obstacle relative to the wavelength can also influence the energy
transfer, which is consistent with analogous surface wave studies. The upper limit for which
harmonic frequencies can be excited is set by the stratification. This wave-topography interaction
provides a possible mechanism for transferring energy in the internal wavefield to smaller scales
which is important to eventually reach breaking scales [22].
Internal waves are also susceptible to reflections when wavebeams meet fluid boundaries.
As shown in Figure 1.4, internal wave beams are seen emanating from the topography and
reflecting from the surface and bottom boundaries. Mode 1 waves commonly experience
reflections because they have a vertical wavelength which is the same scale as the fluid depth due
to the topography also being the same scale as the fluid depth.
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Figure 1.4 Mode 1 wavebeams (white) generated from a symmetric topography. Mode 1
wavebeams reflect off the surface and bottom boundaries of the fluid. Figure based on the
experimental results of Echeverri and Peacock [24].

While not the focus of this research, internal wave interactions with topography have also
been researched. Simulations investigating internal wave interactions were conducted using the
Massachusetts Institute of Technology General Circulation Model (MITgcm). This computer
program solves the equations of motion governing the ocean or Earth's atmosphere using the finite
volume method. The MITgcm was one of the first non-hydrostatic models of the ocean. This model
was used to investigate internal wavebeam interactions near single symmetric supercritical ridges
[23]. It was found that the higher harmonics of wavebeams were more pronounced, and the energy
was transferred away from beams into the surrounding fluid. Because the energy cannot transfer
back into the wavebeams, the beam-to-beam interaction is non-resonant. This research has been
important in determining how an already existing wave field behaves near topography, especially
in high the frequency spectrum [24].
Additional simulations using MITgcm have studied waves that are subharmonics of M2
waves at three latitudes: mid-latitude, slightly equatorward of critical latitude, at the equator [25],
[26]. The “critical latitude” of 28.8° is the latitude where the inertial frequency, the frequency of
oscillation due to the earth’s rotation, equals the tidal frequency and resonant wave interactions
are expected. These waves are called M1 waves where M1 = M2/2 is a harmonic of the diurnal
12

tides. This research confirmed that the M2 wave loses energy to M1 waves increasing the energy
of the M1 wave which agrees with observational data.
King, Zhang, and Swinney investigated three-dimensional, single-peaked symmetric
topographies as well. It was shown that for small, subcritical topography, the total energy flux of
the tidal field scales with the height of the topography [27]. 65% of the energy in these waves is
held in the first harmonic wavebeam. Munroe and Lamb also performed numerical analysis of
three-dimensional topography with the Princeton Ocean Model (POM). Developed at Princeton
University, this numerical model for oceanic circulation is a sigma coordinate (terrain-following),
free surface ocean model with embedded turbulence and wave sub-models and is used to simulate
and predict currents, temperature, salinity, and other water properties. Munroe and Lamb found
that for infinitely long topography, a two-dimensional case, the total energy flux dependence on
height decreases as the ridge increases in criticality [28].

1.3.2 Multiple Symmetric Topographies
Because there are very few individual topographies in the ocean, Aguilar and Sutherland
have also investigated internal wave behavior surrounding multiple repeating shapes [29]. Three
sets of four hills were created with different repeating shapes: a triangle, a sinusoid, and a rectangle.
The spacing of each ridge was altered, and the waves that propagated as the shapes were oscillated
in a stratified water tank were observed.
Two of these shapes are shown in Figure 1.5 in front of an array of horizontal lines. As
waves disturb the water in the tank, the light passing through the tank is bent along the path of the
wave allowing the observer to see the waves. As shown in Fig. 1.5, by the distortion of the
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Figure 1.5 Vertical timeseries images of boundary-trapped waves in the lee of topographies in
sub-critical flow. Figure adapted from Fig. 2 of Aguilar and Sutherland [28].

horizontal lines, the presence of “boundary-trapped lee waves” behind the sinusoid and triangular
hill sets were noted. For the sinusoidal, triangular, and rectangular (not shown here) topographies,
the wavelength of the generated waves agreed with those predicted from linear theory but with a
decrease to approximately 1/3 of the topography amplitude due to the mixed region decreasing the
apparent hill height. This research also shows that for this uniform flow scenario, the impact of the
shape is associated with the boundary layer separation and recirculation region which is greatest
for the rectangular shape and least for the sinusoidal. Other characteristics still influence wave
generation [29].
Zhang, et al. conducted additional numerical examinations of the conversion of tidal energy
into internal waves by flow over an isolated three-dimensional ridge and over systems of
periodically and randomly distributed 3-D ridges with Gaussian profiles [30]. These ridges were
1.1 km-tall with a 10 km diameter. Simulations using the MITgcm for an infinitely deep ocean
were accomplished to explore the dependence of the energy conversion on multiple parameters. It
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was found that for neighboring supercritical ridges, wave interference reduced the conversion by
nearly two orders of magnitude relative to that calculated for an isolated ridge. The conversion by
an individual ridge in a system of random ridges separated by an average distance of 18 km is
found to be suppressed by 16% relative to the conversion by an isolated ridge. Zhang, et al. also
found that the total energy conversion by all seamounts in this study is of the order of 1% of the
total energy conversion of tides to internal waves in the oceans, which is about twice as large as
previous estimates [30].
Echeverri, et al. studied the formation of internal waves by tidal flow by utilizing Green’s
functions to solve the weakly viscous problem [31]. The study investigated geometrical wave
structures called wave attractors on multiple sets of dual-ridges, i.e. sets of two ridges. Figure 1.6
recreates an image of a dual-ridge with two incident wavebeams similar to results found by
Echeverri, et al.

Figure 1.6 Two separate wavebeams (white and red) generated from a dual-peaked ridge. The
direction of wave propagation is shown with arrows on the wavebeams. The wave attractor is
shown in a dotted line box. Figure based on the simulation results of Echeverri, et al. [31].

The region of high internal wavebeam interaction between peaks, denoted by the dotted
line box in Fig. 1.6, is a wave attractor since waves can reflect and be caught or attracted in this
region. Simulations were compared to experiments with a double ridge where ridges were 0.3
meters apart. This study found the double-ridge configuration offers a promising scenario for a
geophysical internal wave attractor. Echeverri, et al. only investigated Mode 1 internal waves.
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Other experiments by Aguilar, Sutherland, and Muraki studied wave generation near sinusoidal
ridges spanning 0.548m of small-amplitude with a height of 1.3 cm and large-amplitude with a
height of 2.6 cm. It was found that boundary layer separation due to higher Froude number caused
turbulent mixed regions in the lee of large-amplitude topographies [7]. These regions were bound
by a lee wave that derives its structure from the combined wavelength of the topography width
giving insight to predictive models of multi-peaked undersea ridges.

1.4 Internal Wave Generation from Asymmetric Topography
The research of Echeverri and Peacock characterizes the behavior of Mode 1 internal waves
near asymmetric topographies [17].

This research found that for singular ridges, energy

conversion of internal waves increased as slope criticality increased. It was also found that the
wave field generated by an asymmetric double ridge is sensitive to the relative position and size
of the ridges due to the interference of wave beams generated [17]. It was also seen that generated
wavebeams are different for different sides of the topography due to the different slope and width
of the individual ridges.
Paoletti and Swinney investigated the internal wave power of both symmetric and
asymmetric ridges in strongly stratified systems, i.e. systems where the buoyancy frequency N is
much larger than the oscillation frequency, ω [10]. For varying N profiles, the power estimate
based on N averaged over the depth of the topography yielded results within a few percent of
agreement of previous predictions. However, when a turning depth exists near the height of the
total fluid depth, the vertical scale of the internal wavebeam increases.
Experiments investigating the internal wave generation of asymmetric topography have
been accomplished in the Brigham Young University Stratified Flow Laboratory. Hakes
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investigated the generation of internal waves near topographies constructed of opposite halves of
a steep Gaussian and wide Gaussian curve with some variation in amplitudes [32]. These
asymmetric topographies were compared to similar symmetric specimens. Kinetic energy
generated from the asymmetric cases was found to be about two times lower than the symmetric
cases. In general, kinetic energy in waves propagating from the steeper side of the topography was
on average 28% greater than the energy of waves from the shallow side of the topography.
Generated waves were dominated by larger wavelength waves associated with the wider Gaussian
curve. Hakes also concluded that peak amplitude does not create an appreciable difference in the
wavenumber or amplitude of generated waves with the average k ≈ 60 m-1.

1.5 Internal Wave Generation Over Real Topography
Most of the experimental and analytical research surrounding internal wave generation has
focused on symmetric and simple slope asymmetric topography scenarios as discussed in previous
chapters. Recent numerical simulations and observational research has begun to explore more
complex combinations of topography shapes as defined by real ocean regions. For example, Arnon
et al. measured the internal waves due to the tides over the sill of the Dead Sea with high resolution
temperature measurements and density and salinity measurements. The measurement data agreed
well with a two-layer hydrostatic model of the Dead Sea [12].
Similar measurements of temperature, salinity, density, and fluid velocity were used to
observe waves near Kaena Ridge and the French Frigate Shoals in the Sulu Sea of the Philippines
[6], [13]. Close approximations of these ridges are shown in Figure 1.7. These ridges are a frequent
topic of study because the dominant tidal flow is near-perpendicular to the spine of these ridges.
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Figure 1.7 Cross-sections of the Kaena Ridge (left) and French Frigate Shoals (right). The nearsymmetry of and near-perpendicular tidal flow near these ridges make them ideal candidates
for internal waves study.

Carter, Gregg, and Merrifield observed waves from Kaena Ridge, to estimate internal wave
energy dissipation from mode 1 internal waves [11], [33]. Differing dissipation rates on opposite,
asymmetric sides of the mount were found, introducing the idea that internal waves can differ
based on the direction of flow over the local slope for asymmetric mounts.
These studies found solitons, or self-sustaining wave packets with constant velocity, with
amplitudes up to 90 m and wavelengths up to 16 km. In addition, Apel, et al. used measurements
of microscale shear to determine the turbulent kinetic energy dissipation rate and estimate a global
average dissipation rate and diffusivity of internal waves [5].
Similar research concerning the French Frigate Shoals in the Pacific Ocean investigated
the nonlinear interaction known as parametric subharmonic instability (PSI), when waves
breakdown into two waves with a frequency one half of the original ω, as PSI may be particularly
efficient at transferring energy from internal tides to smaller-scale waves at the critical latitude.
The study of internal tide propagation near the French Frigate Shoals revealed the first
observational evidence that PSI occurs with enough intensity to alter the ocean internal waves
18

between the critical latitude and the equator [34]. PSI represents a significant driver of high-mode
energy propagation.
Echeverri and Peacock also evaluated the two-dimensional energy flux at six cross-sections
of the French Frigate Shoals and ten cross-sections of Kaena Ridge [18]. The southern end of
Kaena Ridge showed energy conversion of 7.8 kW. The French Frigate Shoals showed relatively
even energy conversion across the ridge. These researchers, along with Echeverri and Balmforth,
Garrett and Kunze, and Zhang, et al., also note the possibility of destructive interference of outof-phase waves [6], [30], [31]. Specifically, the wave generated by successive topography can
exhibit waves that interfere with each other and attenuate the overall energy of the observed system.

1.6 Summary
Ocean floor bathymetry varies greatly and is therefore very difficult to generalize. Much
of past research regarding internal wave generation over bathymetry has focused on either
simplified, idealized, symmetric topographies or highly complex models of real undersea
topographies. Waves generated from realistic topographies can differ greatly in energy magnitude
and amplitude from those formed near symmetric topographies, but the cause of these differences
are difficult to characterize. Possible reasons could be topographic asymmetry, including slope
and amplitude variations, multiple ridge influences, flow instabilities, or surface roughness.
Research has been conducted at Brigham Young University related to the behavior of internal
waves surrounding single-ridged, symmetric and asymmetric Gaussian topographies [35]. These
experiments have shown a significant difference between waves generated on each side of an
asymmetric topography, relative to their symmetric counterparts, including kinetic energy
magnitudes, wave propagation directions, and wavenumbers present in the generated wavefield.
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In order to further understand how different topographic characteristics affect internal wave
generation, this research extends previous studies to topographies with multiple ridges such as that
shown in Figure 1.8.

Figure 1.8 Double-peaked, asymmetric Gaussian topography shown in orientation used during
experimentation. The left peak will be designated peak 1 and the right peak designated peak 2.

In addition, this study will investigate how varying asymmetry of the multiple topographies
affects internal wave generation. The eventual goal is to be able to deconstruct a realistic
topography into its component characteristics and understand how each affects the generated
internal waves.
While the experimental topographies explored here do not portray the topography of any
actual underwater ridgeline, quantifying the kinetic energy of internal waves in systematically
more complex experiments will allow better predictions of energy propagation trends surrounding
similarly shaped topography. This research also allows one to extrapolate the impact on kinetic
energy of changing variables such as topography shape or ridge spacing.

1.7 Research Objectives
Spacing, heights, and slopes of each of two Gaussian ridges will be altered to investigate
their effect on internal wave generation. It is hypothesized that for tidal flow over a single-ridge
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symmetric topography, introducing a secondary ridge will create a complex internal wave field
not simply defined by the combination of waves which would be generated by each ridge
individually. To validate this hypothesis and improve understanding of tidally generated internal
waves near dual-ridged, asymmetric topography, the following objectives are investigated:
1. Analyze the impact of the relative separation of a second ridge in dual-ridge topography
on internal wave generation.
2. Characterize the effect of individual ridge slope on internal wave generation by dual-ridge
topography.
3. Investigate the effect of the topography amplitude differences on internal wave generation
with a subset of topographies as defined by objectives 1 and 2.
For each objective, the kinetic energy in the generated internal wavefield as a function of
wave number will be evaluated experimentally for a range of oscillation frequencies.
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CHAPTER 2. METHODOLOGY

This section describes the specific experimental and analytical methods of this research.
First the model topographies are defined. Next, the experimental setup and testing process is
explained. Imaging and data analysis methods are then described. Finally, an uncertainty analysis
is conducted for the presented results.

2.1 Specimen Topographies
2.1.1 Symmetric Dual-Ridge Topographies
Twelve specimen topographies are defined by the sum of two Gaussian profiles as:
ℎ(𝑥 ) = 𝑎1 𝑒 −(𝑥−𝑏1 )

2⁄𝑐 2
1

2 ⁄𝑐 2
2

+ 𝑎2 𝑒 −(𝑥−𝑏2 )

(2.1)

where a is the amplitude of the curve, b is the horizontal position of the ridge, and c controls the
width of the Gaussian curve. Subscripts 1 and 2 correspond to the left and right ridge respectively
for dual-ridged topography. Table 2.1 shows these dimensions and how variables b and c, defined
in (1.4), were manipulated to adjust the spacing between ridges and their individual slopes. Naming
conventions are included in the table as well. Topographies were tested at three different relative
oscillation frequencies, also shown in Table 2.1, in order to manage turbulence in the wake of the
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topography. Specimen topographies were made from permutations of the variables defined in
Table 2.1.

Table 2.1: Specimen Topography Definitions including scenario names and
scales.
Ridge Width c (m)
Thin
Medium
Wide

0.0106
0.0212
0.0424

Peak-to-Peak Distance
b2 – b1 (m)
Near
0.4c
Middle
1.6c
Far
2.4c

Relative Oscillation Frequency
ω/N
0.6
0.75
0.9

Table 2.2 shows each of the symmetric dual ridge specimens in addition to cases S1, S2,
and S3, where “S” stands for “single”, to represent single ridge topographies that act as the baseline
for analysis of wave generation by dual ridge topographies. The specimen naming syntax is two
letters where the first letter designates the width of a single ridge: “T” for “Thin”, “M” for
“Medium”, and “W” for “Wide”. The second letter of the case name denotes the separation
distance of the two peaks: “N” for “Near”, “M” for “Middle”, and “F” for “Far”. Each case name
is defined in the Ridge Width and Peak-to-Peak Spacing columns of Table 2.2.
Model topographies were modeled in 3D CAD software and 3D printed. Fusion deposition
modeling (FDM) 3D printing was found to provide the required dimensional accuracy and surface
finish in order to produce accurate experimental results. Topographies are modeled on a base
measuring 0.159 x 0.1 m2 except for the Wide Far and wider, subcritical topographies because the
peak-to-peak distance and hill width require a longer base (0.207 m). Single ridge and symmetric,
dual-ridge topographies all have an amplitude of a = 0.025 m.
Another set of topographies are created to investigate the effects on wave generation of subcritical,
dual ridge topographies specifically. This subset is defined in Table 2.3 and includes the SW2
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topography, a control case for dual ridges formed from two ridges each double the width of the
widest S3 ridge, hence “W2” for “Wide 2”. Ridge amplitudes and spacings are shown in Table 2.3.

Table 2.2: Twelve topographies used to study effects of multiple symmetric ridges on internal
wave generation. Ridge width and peak-to-peak spacing
nomenclature is defined in Table 2.1.
Case

Ridge Width

S1

Thin

Peak-to-Peak
Spacing
N/A

S2

Medium

N/A

S3

Wide

N/A

TN

Thin

Near

TM

Thin

Middle

TF

Thin

Far

MN

Medium

Near

MM

Medium

Middle

MF

Medium

Far

WN

Wide

Near

WM

Wide

Middle

WF

Wide

Far

Profile

|--- b1 – b2 ---|

|---- 4c ----|==================
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Table 2.3: One symmetric single ridge and four asymmetric dual-ridge specimen
topographies’ definitions. All ridges are subcritical. Case names, amplitudes of
the two peaks, and peak-to-peak spacings are given.
Case
SW2

Amplitude a1
(m)
0.025

Amplitude a2
(m)
-

Peak Spacing
(m)
-

W2M

0.025

0.025

0.0686

W2F

0.025

0.025

0.1045

W1W2F

0.025

0.025

0.1045

W1W2mF

0.025

0.0175

0.1045

Profile

2.1.2 Asymmetric Dual-Ridge Topographies
In order to further investigate the effects of relative hill slope on internal wave behavior,
asymmetric dual-ridge topographies are also examined. To inform this investigation, a preliminary
group of three specimen asymmetric dual-ridge topographies are created. These three models are
designed to investigate the limits of three different scenarios: (1) same hill width with different
amplitude, (2) same hill amplitude with different width, and (3) different hill width and amplitude.
The specimen naming syntax for all asymmetric topographies designates the different ridge
characteristics from left to right. The same width and ridge spacing syntax as the symmetric cases
is preserved, but a lowercase letter denoting the amplitude, “l” or “m” for “low” or “medium”
respectively, is added to the ridge width designation to indicate amplitude of the ridge. A ridge
width at full amplitude has no lowercase letter designation. Peak-to-peak spacing is denoted by
the final uppercase letter, for example, the “TlWF” case has one “thin” width ridge at “low”
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amplitude on the left and one “wide” ridge at full amplitude on the right where the ridges are
spaced “far” apart. Ridge amplitudes and peak-to-peak spacing are defined in Table 2.4.
The amplitude variation of the second ridge is either 40% or 70% of the first ridge which
is maintained at a = 0.025 m. These topographies are analyzed with the same process as the other
experiments and compared to the symmetric single and dual ridge topographies in order to develop
a specimen group of topographies with varying ridge spacing and amplitudes.
Four more asymmetric dual-ridge specimen topographies are defined based on findings
from the investigation of the twelve symmetric specimen topographies and the three preliminary
asymmetric topographies. The ridge width is based on the W series topographies. The amplitude
amed = 0.0175 m is used to further investigate the effects of relative hill slope and peak-to-peak
spacing. Peak-to-peak spacing is defined by the width parameter in Eq. (1.7) with c = 0.0222 m.

Table 2.4: Preliminary asymmetric topography used to investigate effects of local ridge
slope and hill width. Case names, amplitudes of the two peaks, and peak-to-peak
spacings are given.
Case
WlWF

Amplitude a1
(m)
0.01 (0.4a2)

Amplitude a2
(m)
0.025

Peak Spacing
(m)
0.053

TWF

0.025

0.025

0.053

TlWF

0.01

0.025

0.053

WlWF

0.01

0.025

0.053

WlWN

0.01

0.025

0.03552

WmWF

0.0175
(0.7a2)

0.025

0.053

WmWN

0.0175

0.025

0.03552
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Profile

Two spacing designations, Near and Far, are (b2 – b1)near = 1.6c = 0.0355 m and (b2 – b1)far =
2.4c = 0.053 m. In total, 144 experiments were conducted.

2.2 Experimental Setup
Internal wave generation experiments are conducted in a large rectangular tank constructed
of transparent acrylic slabs. The dimensions of the experimental tank are 0.15 m wide, 0.91 m tall,
and 2.45 m long and are diagramed in Figure 2.1. Matting lines the bottom and thin sides of the
tank to dampen wave reflections that can interfere with experimental results. The experimental
tank has a total volume of 334 L, but internal wave experiments only use approximately 190 L of
water since a water depth of ~0.7 m is sufficient.
As shown in Figure 2.2, two 200-liter cylindrical containers are used for holding fill water

0.91 m

Topography

z

z
Matting

y

x

0.15 m

2.45 m

Figure 2.1 Front view (right) and side view (left) of experiment water tank. The experiment
tank is built out of transparent acrylic slabs. Experimental topography is represented with the
gray profile at the top of the diagram. Matting on the sides and bottom of the tank is shown on
the inside edges on the tank.
for the experimental tank. First, the auxiliary containers are filled with 100 L each of fresh water
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then fifty pounds of salt is dissolved in one of the tanks. One of two peristaltic pumps draws from
each tank individually to fill the experimental tank. Using a custom MATLAB script created by
Lee [1], input matrices of the flowrates of the two pumps are used with the densities of the two
source tanks to create an array of voltages and time steps. The time step and voltage array are used
with a data acquisition system (DAQ) and LabView software to control the flowrates of the two
pumps such that a linear salinity stratification gradient is created with the highest salinity (and
therefore density) at the bottom of the tank.

Computer

Salt water

DAQ

Fresh water
Pump 1

Float

`

Pump 2
Experiment Tank

Figure 2.2 Laboratory setup for filling the experiment tank for internal waves study. Salt water
and fresh water are mixed in the float as they diffuse through the sponge inside.

Hoses from the pumps are attached to a float during tank filling, as shown in Fig. 2.2, to
allow incoming water with successively lower density to disperse across the surface of the water.
The float is made of insulation foam and has a sponge at the bottom that aids in fluid diffusion and
creating the correct density profile without disrupting existing fluid layers. All experiments for
this research are conducted in a linearly stratified fluid where N2 as in Eq. (1.1) is linear and 𝜕𝜌⁄𝜕𝑧
is constant.
After the tank is filled, the density profile of the tank is found. A small amount of water
(~1 mL) from the bottom of the experimental tank is measured with an Aichose specific gravity
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refractometer with ±0.0005 error, and the measurement is recorded. This process is repeated at
depth increments of 5 cm up toward the surface of the water. For the top 10 cm of the water, the
increment is changed to 2 cm in order to more carefully investigate the density of a possible mixed
layer near the surface. A first-degree curve fit is applied to the series of density values throughout
the entire depth z of the water, approximately 0.65 m. The slope of the fit curve, 𝑑𝜌⁄𝑑𝑧, is used to
calculate buoyancy frequency, N, with coefficient of determination, R2 > 0.98. A volume of
approximately 190 L fills the experimental tank in order to produce a 0.7-m deep stratified fluid
with a nominal buoyancy frequency of N = 1.2 s-1. Since the relative frequency, ω/N, is of most
importance, this allows for some variation in N between tank fills and experimental trials. By
keeping N > 1, it allows a broader range of topography oscillation frequencies, ω, as ω is limited
on the low end by the driving machinery.

2.3 Driving Topography Oscillation
The driver mechanism is diagramed in Figure 2.3. A stepper motor drives the topography
oscillation controlled by an Arduino Uno and driver board. Using N found from density
measurements, each oscillation frequency ω is calculated by finding the corresponding relative
oscillation frequency, ω/N, in Table 2.1 with the exact N for the tank fill. The calculated oscillation
frequencies are programmed into the Arduino code to drive the stepper motor. The driver board
rotates the stepper motor clockwise for a short period and then counterclockwise for an equal
interval of time according to the programmed frequency. The apparatus converts the rotational
motion of the stepper motor through a string and pulley system to linear motion along a track. The
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Stepper Motor

λ

Figure 2.3 Track system where the motor (blue) on top alternates rotation directions causing
the string, denoted by the dotted line, attached to the topography to pull the topography back
and forth. The full excursion length of the topography in a period is denoted by λ.
topography model is mounted on the driver with a dovetail bracket. During experimentation,
physical measurement of the topography excursion length, p = 0.017 m, plus the width w of the
model of the topography at 10% amplitude, is recorded as full wavelength, λ, for later comparison
to experimental results. The oscillation period is also recorded with a stopwatch to compare to data
processing results. Topography oscillation generates wavebeams that propagate through the tank.

2.4 Image Capture
Internal wave motion is captured using synthetic schlieren. A mask of randomized dots is
backlit with light boxes on the backside of the water tank at a distance of 0.178 m. A jAi CvM4+Cl progressive scan camera is positioned 3.075 m away from the frontside of the tank and
focused on the dot mask. Figure 2.4, adapted from Lee and Hakes, diagrams the tank and camera
setup for this imaging process and a sample frame from recording [1], [2]. Fig. 2.4 (a) shows the
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orientation of the camera, tank, and mask. Fig. 2.4 (b) shows the camera view of the tank with the
location of the experimental topography shown.
(b)

(a)

Topography

W
C

Figure 2.4 (a) Synthetic schlieren camera, mask, and imaging setup. (b) A sample background
image of the fluid medium at rest with the randomized dot matrix mask and topography location
shown. Wavebeams cannot be seen without additional data processing.

The camera first records two frames of the dot matrix with a meter stick inserted into the
water tank visible to the camera. The meterstick will become a meter-to-pixel scale calibration in
data processing. After the meterstick is removed and the fluid returns to rest (about fifteen minutes),
another pair of frames are recorded while the water and the topography are at rest. These frames
act as the background reference image for data processing. During the recording, the only light
source in the laboratory is the light box illuminating the dot matrix.
The stepper driver is then powered on, and the topography oscillates for two minutes prior
to recording images. This allows wavebeams to reach a steady state. The camera records the
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oscillating topography for three minutes at a rate of 24 frames per second, the lowest recording
rate of the camera used, recording 4320 total images.

2.5 Data Analysis
Established data analysis methods are used to analyze the captured images. First,
commercial software, Digiflow, is used. The Digiflow user interface allows the user to mark the
pictures with the meterstick visible with a coordinate system yielding a length scale in the
horizontal x and vertical z directions. Although the camera records 4320 images at 24 frames per
second, only every fourth frame is analyzed reducing the effective processing framerate to 6 frames
per second and a sample of 1080 total images per trial. This reduction in framerate allows enough
time for detectable fluid motion between frames while managing data loss in order to ensure
fidelity of analysis.
Digiflow is programmed for each trial of each topography to reference the appropriate
calibration image and accounts for the distance of the camera to the dot matrix mask and the
material and thickness of the water tank. Each frame is compared to the background image of the
mask that was captured before topography oscillation. The apparent movement of the dots in the
experiment images is correlated with the change in index of refraction of light given by
1

𝑛

𝑛

1 𝜕𝑛′

∆𝜉 = − 2 𝑊(𝑊 + 2 𝑛0 𝐶 + 2 𝑛0 𝑇) 𝑛
𝑎

𝑡

0

𝜕𝑥

(2.2)

where ∆𝜉 is the movement of the light ray in x, n is the index of refraction: n0 is before any
perturbation, nt is the tank, and na is the air in the laboratory. W, C, and T, denoted in Fig. 2.4, are
length measurements of the width of the fluid medium, the tank to the mask, and the thickness of
the tank walls. The change in index of refraction is related to the density perturbation in x in the
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form (1⁄𝜌0 ) 𝑑𝜌′⁄𝑑𝑥 . Data processing in Digiflow outputs 1080 images with wavebeams plotted
on a colormap and conversions of these images into DAT files: about 50 GB of data in total.
After Digiflow processing, the output data is transferred to the BYU supercomputer to run
a series of processing steps in MATLAB on six processors. Due to the x-z resolution of 1360 by
1030, it is necessary to post-process the data on the supercomputer. First, the density perturbations
are multiplied by the acceleration of gravity, g, and organized into a time series. This yields two
three-dimensional matrices of the density perturbations over time showing local variations in z of
the squared density profile with
∆𝑁 2 =

−𝑔 𝜕𝜌′
𝜌0 𝜕𝑧

(2.3)

Next, the characteristics of the wave motion are quantified through implementing the Hilbert
Transform [3]. The Hilbert Transform consists of several steps:
1. The ∆𝑁 2 matrix is Fourier transformed in time. Negative frequency values are removed
because the positive domain represents the real portion of the waves as they are broken
down further.
2. The resulting set of positive values is reconstructed with the inverse Fourier Transform and
multiplied by 2 to replace the cancelled negative data. This results in a complex signal
which will allow the sign of the subsequent Fourier transforms to represent the
directionality of the internal waves.
̃2
3. A 2D Fourier Transform is performed on the data from step 2, resulting in a matrix of ∆𝑁
values, where the over tilde represents the Fourier coefficients, in wavenumber space.
These are averaged across the 1080 timesteps of each experiment trial.
With the Hilbert Transform, the wave propagation can be broken down into a combination
of four possible directions based on the positive or negative signs of the horizontal and vertical
33

wavenumbers k and m. Positive horizontal wavenumber k corresponds to motion to the right, and
negative k indicates motion to the left. Vertical wavenumber m has an opposite convention,
however. Negative m corresponds to upward motion while positive m denotes downward motion.
An example plot showing the results of the Hilbert Transform on data from the WF case at the
medium relative oscillation frequency ω/N = 0.75 is in Figure 2.5. Contours and corresponding
̃ 2 . Wavenumbers where higher ∆𝑁
̃ 2 is present are shown in
colors represent the magnitude of ∆𝑁
yellow. Peaks are very clear in Quadrant I corresponding to positive k and m values. This indicates
̃ 2 at horizontal wavenumbers
the wave propagation is downward and to the right with high ∆𝑁
̃ 2 is used in other studies as a measurement tool so
ranging from k =16.2 m-1 to k = 110.8 m-1. ∆𝑁
allows for comparison to prior research [4].
The k and m values of these regions are compared to the expected k from λ = w + p where
2𝜋

𝑘=

(2.4)

𝜆

In all the presented experiments, excursion length is p = 1.7 cm. The expected vertical wavenumber
m is calculated from the dispersion relation (1.2).
̃ 2 can be related to the kinetic energy
For a more physical interpretation of the data, ∆𝑁
density of the waves. Following the process and assumptions of Wunsch and Brandt, kinetic
energy (KE) is found for the propagating wave in Fourier space using the Navier-Stokes equation
and linear Boussinesq equations under the WKB assumptions (the scale of vertical variation of the
background variables is small compared with the vertical wavelength of the wave) such that
̃2 2
∆𝑁

𝜔 2 𝑁2

𝐾𝐸 = 𝑘 2 (𝑁2 −𝜔2)+(𝜔𝜕

𝑧𝑁

2 /𝑁2 )

where 𝜕𝑧 is the partial derivative with respect to z [4].
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Figure 2.5 A phase plot of the wavenumber makeup of the internal waves generated by the WF
case after the Hilbert transform. The values in quadrant I represent the wavebeam propagating
̃ 2 and kinetic
downward and to the right. I through IV designate the four quadrants of the ∆𝑁
energy plots.

For the linear stratification profile in this research, 𝜕𝑧 𝑁 2 = 0, and KE is solved for each km combination of a given experiment set with
𝜔 2 𝑁2

̃2 2
∆𝑁

𝐾𝐸 = 𝑘 2 (𝑁2 −𝜔2) | 𝑁2 |
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(2.6)

where ω is calculated using Eq. (1.2). Kinetic energy as a function of k and m is evaluated using
the MATLAB script included in Appendix A3. Results from the WF case shown in Fig. 2.5 are
shown in Fig. 2.6. Once again, peaks of KE magnitude appear at specific wavenumbers. The
wavelengths of these peaks are once again verified with Eq. (2.4). Note the similar contour shapes
but decreasing KE magnitude with increasing k. This is associated with smaller wavelength waves
containing less energy. The magnitude of this energy from propagating internal waves is one of
the major criteria used to investigate Research Objectives 1 and 2.
× 10-15
11

150

10
9

m (m-1)

7
6
5

50

KE (J/kg)

8

100

4
3
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0

0

50

100

150

1

k (m-1)

Figure 2.6 A plot of the high magnitude KE locations for the WF case. Peaks in KE are at
̃ 2.
similar k and m locations as the peaks in ∆𝑁

2.6 Experiment Validation
Two methods are used to validate and compare the results of this research with previous
̃ 2 plots produced from experiments. As mentioned,
research. The first method will be comparing ∆𝑁
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̃ 2 has been used in previous studies, and qualitative comparisons of results of experiments
∆𝑁
accomplished here and in prior work will be made.
Second, KE is summed over the domain of the horizontal wavenumbers using the
MATLAB script shown in Appendix A4. The magnitude of energy associated with known
wavelengths is compared to previous experiments.
The same imaging and analysis methods are used for both symmetric topography and
asymmetric topography specimens. Experimental results from the investigation of the specimens
presented in this research will be compared to previous experiments with single ridge topographies
performed in the BYU Stratified Flow Lab. The wavenumbers of the kinetic energy peaks will be
used with the dispersion relation (1.2) to compare the experimental results with expected results.

2.7 Uncertainty Analysis
The sequential perturbation method is used in order to quantify the measurement error
while reducing complexity of error analysis by eliminating the need to create complex differential
relationships that are also susceptible to error [5]. This method was shown to reliably calculate
uncertainty for thermal fluids applications.
In employing the sequential perturbation method, each independent variable is perturbed
by its uncertainty, so a new value is calculated for each perturbation while all independent variables
remain constant. The relative uncertainty is found by taking the difference of the original solution,
Uorig, and perturbed solution, Upert. Then the importance factor for each independent variable is
determined.

𝑈𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 =
37

√(𝑈𝑜𝑟𝑖𝑔 −𝑈𝑝𝑒𝑟𝑡 )2
𝑈𝑜𝑟𝑖𝑔

(2.7)

The uncertainty will be calculated for density perturbation equation 𝜕𝜌′⁄𝜕𝑧 and KE equation for
the propagating region in (2.2).

2.7.1 Density Perturbation
As mentioned previously, synthetic schlieren experiments output variation in density
perturbation data. This is estimated in Digiflow with
𝑛

𝑛

𝑎
𝑎
1 𝐿−𝐶−(1−2𝑛0)𝑊−2(1−2𝑛𝑡 )𝑇

∆𝑧 = − 2 [

𝑛
𝑛
𝐿−(1− 𝑎 )𝑊−2(1− 𝑎 )𝑇
2𝑛0
2𝑛𝑡

] 𝑊(𝑊 + 2

𝑛0
𝑛𝑎

𝑛

𝛽 𝜕𝜌′

𝐶 + 2 𝑛0 𝑇) 𝜌
𝑡

0

𝜕𝑧

(2.8)

where 𝛽 = (𝜌0 𝑛0 )(𝜕𝑛/𝜕𝜌 ) with ρ0 representing the density of the fluid and n0, na, and nt
representing the index of refraction of the fluid, acrylic tank, and laboratory air respectively. The
error is assumed to be zero for the fluid’s physical properties na = 1.0, n0 = 1.3332, nt = 1.491, and
ρ0 = 1000 kg/m3 [6]–[8]. C, W, and T are the distance from the tank to the dot matrix mask, the
width of the fluid in the experimental tank, and the thickness of the walls of the tank respectively.
These are measured with a meterstick in centimeters, with an error of ±0.5 mm. L is the distance
from the front of the tank to the camera and is measured with a measuring tape in inches with a
resolution of ±1/16 in or ±1.58 mm. According to the Digiflow literature, Δz has a resolution 0.02
pixels which is 0.012 mm. The sequential perturbation method was accomplished by solving for
𝜕𝜌0 /𝜕𝑧 (2.3).
Table 2.5 shows each variable’s value, uncertainty, and calculations of 𝜕𝜌′⁄𝜕𝑧 given the
perturbation of each individual variable. The original solution before the variables are perturbed is
7.00 kg/m4 which varies only slightly for perturbations in each of the measured lengths. However,
the uncertainty in Δz changes the solution to 8.86 kg/m4, and has a 99.96% impact on 𝜕𝜌′⁄𝜕𝑧,
while the lengths C, W, and T only affect the solution by 0.03%. Overall, the relative uncertainty
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from all variables is 26.59%. For this reason, it is recommended that SS be run at high spatial
̃ 2 variable.
resolution in order to decrease the error of the ∆𝑁

Table 2.5: Inputs and outputs of Eqn. 2.6, using a sequential perturbation analysis. The right
half of the table indicates which variable was perturbed. 𝜕𝜌′⁄𝜕𝑧 for each scenario, and the
associated uncertainty is listed in the bottom row. All inputs have units of meters, while
𝜕𝜌′⁄𝜕𝑧 has units of kg/m4.
Input (m)

Value

Uncertainty
(m)

Relative
Uncertainty

L

C

W

T

Δz

L

3.0750

0.0016

0.052%

3.0766

3.0750

3.0750

3.0750

3.0750

C

0.1778

0.0005

0.281%

0.1778

0.1783

0.1778

0.1778

0.1778

W

0.12

0.0005

0.417%

0.12

0.12

0.1205

0.12

0.12

0.018

0.0005

2.778%

0.018

0.018

0.018

0.0185

0.018

-4.46

-1.19

26.584%

-4.46

-4.46

-4.46

-4.46

-5.65

0.00%

0.01%

0.03%

0.00%

99.96%

7.00

6.98

6.96

6.99

8.86

T
-5

Δz (10 )
Relative
Uncertainty
Output
𝜕𝜌′⁄𝜕𝑧

7.00

1.86

26.59%

2.7.2 Kinetic Energy in the Propagating Region
The KE equation is
𝜔 2 𝑁2

̃2 2
∆𝑁

𝐾𝐸 = 𝑘 2 (𝑁2 −𝜔2) | 𝑁2 |

(2.9)

The oscillation frequency ω is measured by timing the oscillation period T with stopwatch with a
resolution of 0.01 seconds. The equation ω = 2π/T is used to convert the period to frequency. This
gives a 0.45% uncertainty for this measurement. The meterstick used to measure the 5 cm
increments when calculating N has a resolution of ±0.0005 m. The refractometer used to measure
the density of the water has a resolution 0.5 kg/m 3. Using these measurements in (1.1) gives an
uncertainty of N of 7%. The wavenumber k is shown for a Medium Middle topography. Calculating
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L in (1.5), p = 1.8 cm. The width w of the topography is calculated at the hundredth maximum
which for the Gaussian profile is found with half of the width of each ridge at ninety-eight percent
amplitude plus the peak-to-peak distance
(2.10)

𝑤 = √2 ln(98) (𝑐1 + 𝑐2 ) + [𝑏2 − 𝑏1 ]

where 1 and 2 correspond to the variables for the Gaussian profiles of the left and right ridges
respectively. For the Medium Middle topography, w = 6.98 cm. The resolution of p and w is ±0.001
m, which gives a relative uncertainty for k of 0.01%.
The overall uncertainty of KE = 71.35%. This uncertainty is quite significant, but it is not
uncommon for internal waves research using synthetic schlieren [9]. Experiments presented here
still agree with internal wave theory, and general trends are expected to hold.
Table 2.6: Inputs and outputs of Eqn. 2.7, using a sequential perturbation analysis. The right
half of the table indicates which variable is perturbed. KEp for each scenario, and the
associated uncertainty is listed in the bottom row of the table.
Input

Value

Uncertainty

Relative
Uncertainty

ω

N

k

ΔN2

ω (s-1)

0.48

0.016

3.35%

0.49

0.48

0.48

0.48

-1

1.129

0.07903

7.00%

1.129

1.20803

1.129

1.129

-1

16.530

0.005

0.03%

16.530

16.530

16.535

16.530

0.022

0.0058

26.59%

0.022

0.022

0.022

0.028

1.99%

26.73%

0.00%

71.29%

11.6

6.67

10.6

16.9

N (s )
k (m )
2

-2

ΔN (s )
Relative
Uncertainty
Output:
KEp (J/kg 10-10)

10.6

7.54

71.35%
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CHAPTER 3. EXPERIMENTAL RESULTS

This section presents the experimental results with respect to the aforementioned objectives
of this research. As stated previously, the objectives of this investigation are as follows:
1. Analyze the impact of the relative separation of a second ridge in dual-ridge topography
on internal wave generation.
2. Characterize the effect of individual-ridge slope on internal wave generation by dual-ridge
topography.
3. Investigate the effect of the topography amplitude differences on internal wave generation
with a subset of topographies as defined by objectives 1 and 2.
First, results of single ridge topographies are shown to define the baseline for internal wave
generation over each shape. Then, results of dual-ridge cases are presented, and differences
between these and the respective single ridge control case are examined. This allows
characterization of the direct impact of relative ridge separation on internal wave generation
(Objective 1).
Asymmetric dual-ridge topographies will be analyzed in a similar manner to characterize
the effect of local topography slope on internal wave generation (Objective 2). Then, experimental
results from the topographies with varied ridge amplitude will be used to investigate the effect of
topography amplitude on internal wave generation (Objective 3).
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3.1 Single Ridge Topographies
First, an image of ∆𝑁 2 is shown for the S1 case at the middle oscillation frequency in
Figure 3.1. Depth is represented on the vertical axis, where the top of the image is 2 cm below the
top of the topography, and the bottom of the image is 15 cm above the bottom of the tank. On the
left is the wave propagation downward to the left of the topography, and on the right is the wave
propagation downward to the right. The tip of the topography at the extreme of its oscillation is
near the top right corner of the image for images captured on the left side of the experimental tank
(left panel of Fig. 3.1) or the top left corner of the image for images on the right side of the
experimental tank (right panel of Fig. 3.1).
Figure 3.1 represents processed synthetic schlieren data where wavebeams can be seen
consisting of crests and troughs denoted by the blue-violet color and the green-yellow color
respectively. The wavelength of the generated internal waves is found with the distance from crest
to trough which has both horizontal and vertical components. It is also seen that the amplitude of
∆𝑁 2 is greatest closer to the experimental ridge and decreases further from the topography due to

dispersion. The wavebeam propagation angle, θ, is also shown. These quantities are used to check
the alignment of expected k and θ values based on topography characteristics and experiment
inputs.
̃ 2 in phase space of each topography are
Using the Hilbert Transform, contour plots of ∆𝑁
produced from the ∆𝑁 2 data. First, this is presented for the S1 case only then for subsequent single
̃ 2 contour plots are shown in Fig.
ridge cases and their dual-ridge counterparts. For the S1 case, ∆𝑁
3.2. Note that high magnitude peaks at various vertical and horizontal wavenumbers show a set of
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Figure 3.1 Images of ∆𝑁 2 for the (left) left side and (right) right side of the S1 case for the
middle frequency ω = 0.75N. The vertical axis is depth, where the top of the image is 2 cm
below the top of the topography, the bottom of the image is 15 cm above the bottom of the
tank.
waves, or wavefield, being generated. These peaks create a straight line whose incline, θ, is
determined by the relative oscillation frequency of the topography and is the same θ as shown in
Fig. 3.1 depicting the wave propagation angle from the vertical.
𝜃 = cos −1 𝑁

𝜔

(3.1)

𝑘

(3.2)

and
𝜃 = cos −1 (𝑘 2 +𝑚2 )1/2
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̃ 2 (m2s-2)
∆𝑁

θ

̃ 2 magnitude for the right side (a-c) and left side (d-f) of the S1
Figure 3.2 Contour plots of ∆𝑁
case where λ = 0.037 m with an expected k = 170 m-1. In (a, d) are results for the low oscillation
frequency, ω = 0.6N, (b, e) the middle frequency, ω = 0.75N, and (c, f) the high oscillation
frequency, ω = 0.9N.
It can be seen that θ is decreasing in (a), (b), and (c) of Fig. 3.2 concomitant with an
increasing oscillation frequency. As mentioned previously, peaks with positive k and m represents
waves propagating downward and to the right and peaks with negative k and positive m are
propagating downward and to the left. Horizontal and vertical wavenumber values at the individual
peaks in the contour plots will be compared to the expected peaks for a given topography and
among the results of all similar shaped topographies.
Here the expected k based on λ is 155 m-1. However, a gaussian is represented by a broad
range of wavelengths and thus multiple peaks observed. Also note the left and right sides are nearly
mirror images. This is due to the symmetry of the topography. It can be seen in Fig. 3.2 (b) and (e)
̃ 2 has the highest magnitude (∆𝑁
̃ 2 ≈ 2.3
that for the middle oscillation frequency, ω = 0.75N, ∆𝑁
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× 10-3 m2s-2) compared to the other oscillation frequencies. The second highest energy appears in
̃ 2 ≈ 1.8 × 10-3 m2s-2.
the low frequency experiment where ∆𝑁
Contour plots of kinetic energy are shown for case S1 in Figure 3.3. Note the KE peaks are
̃ 2 plots but with relatively lower amplitude as
similar to the peaks in the corresponding ∆𝑁
wavenumber increases. This correlates with known wave characteristics that longer wavelengths
have greater KE (note KE is a function of k (Eq. 2.9) where low k (or high λx) results in a larger
KE [1]). Note again the symmetry between results of the left and right side of the topography. Due
to symmetry, each side will not be discussed individually for symmetric topography but only as a

KE (J/kg)

single result.

Figure 3.3 Contour plots of kinetic energy magnitude for the same scenarios as Fig. 3.2.

45

3.2 Single Ridge Topography Comparison
As mentioned previously, experimental results from the single ridge topographies are the
standards to which results of the dual-ridge experiments will be compared. Therefore, the single
̃ 2 and KE for all single ridge
ridge topographies are first analyzed. Contour plots of both ∆𝑁
topographies are shown in Appendix A1. Expected k based on the width of the topography plus
the excursion length is marked with a dark vertical bar on the KE plot for each topography.
Table 3.1 shows the total oscillation wavelength, λ, expected wavenumber of energy peak,
kex, criticality of the topography, ε, excursion number, Ex, and Reynolds number, Re. Criticality,
ε, and Reynolds number, Re, are given for each oscillation frequency of the topography in the order

Table 3.1. The expected horizontal wavenumber location, kex, of high energy peaks,
total wavelength, λ, topography criticality, ε, excursion number, Ex, and Reynolds
number, Re, for different single ridge experimental topography cases where
the three numbers listed in ε and Re correspond to values for low,
middle, and high oscillation frequency, respectively.
Case

λ (m)

kex (m-1)

Ex

S1
0.0406

154.8

0.133

S2
0.0587

107.0

0.092

S3
0.1063

59.11

0.051

ε

Re

5.34

88.34

3.53

111.6

1.94

128.5

2.68

88.34

1.77

111.6

0.974

128.5

1.35

88.34

0.891

111.6

0.490

128.5

0.446

111.6

SW2
0.138
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45.53

0.039

of low, middle, and high for the applicable experiments. The quantity kex is defined by the entire
width of the dual-ridge topography. For the specimens where only one frequency was tested, only
one ε and Re are given.
Figure 3.4 shows the KE magnitude plots for the single ridge cases oscillating at low
frequency. Topography profiles are superimposed on corresponding plots. It is seen that the KE of
waves generated by the S2 topography has the greatest magnitude at an individual wavenumber of
KE ≈ 1.7 × 10-9 J/kg. This case also has the largest range of wavenumbers with energy from 16 <
k < 35 m-1. This k range still falls below the expected k = 107 m-1, however.

KE (J/kg)
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Figure 3.4 Contour plots of kinetic energy magnitude for the low oscillation frequency for the
(a) S1, (b) S2, and (c) S3 cases. The experimental topography is shown in the respective plot.
In Fig. 3.4 (a), it can be seen that there are only two dominant wavenumbers at k ≈ 43 and
51 m-1 for the S1 case. The second energy peak represents the second harmonic of kex (~kex/3). The
S2 case shows high KE over a larger range of wavenumbers than both the S1 and S3 cases. For
the S3 case in Fig. 3.4 (c), the highest magnitude KE peak appears at kex for the topography. This
alignment of wave energy occurring at kex aligns with the expected results due to the subcriticality
of the topographies.
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The angle of the wavebeam calculated based on the wavenumber coordinates of the peaks
in this case is θactual ≈ 68° when the expected θ based on ω/N = 0.6 should be θ = 53°. A similar θ
is found for the S2 wavebeam in Fig. 3.4 (b). The wavebeam angle for these two cases corresponds
to ω ≈ 0.37N. The change in θ for different frequencies of the S1 and S2 cases will be analyzed
further at the middle and high frequencies.
The wavebeam in Fig 3.4 (c) has a shallower angle than S1 and S2 with θactual ≈ 55°. This
corresponds to the expected angle θ = 53° for the low frequency (within k and m). Because high
KE is found at kex,S3 and θactual,S3 = θex, the results of the subcritical S3 wavefield are considered to
be accurate.
̃ 2 and KE contours, respectively, for each of the symmetric
Figures 3.5 and 3.6 show the ∆𝑁
topography cases oscillating at the middle frequency, ω = 0.75N. The wavebeam propagation angle
is similar for all topographies with a range of 50.8° < θ < 56.1°, where the expected angle θ = 39°.
From Fig. 3.5 (b), it is shown that the internal waves generated from the S2 topography again have
the highest peaks of energy among all the single ridge topographies, with high energy occurring at
10 < k < 60 m-1.
All single ridge topographies have energy peaks for this range of wavenumbers except the
SW2 case where the wavenumber group spans only the lower wavenumbers, 10 < k < 40 m-1. The
expected wavenumber of greatest KE is k = 45 m-1, so it is noted that most of the energy is near
the first harmonic of kex, k ≈ 23 m-1. The S1 case also has a further extended range of wavenumbers,
up to k = 70 m-1.
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̃ 2 (m2s-2)
∆𝑁

m (m-1)
m (m-1)

KE (J/kg)

̃ 2 magnitude for the middle oscillation frequency for the (a) S1,
Figure 3.5 Contour plots of ∆𝑁
(b) S2, (c) S3, and (d) SW2 wave fields.

Figure 3.6 Contour plots of kinetic energy magnitude for the middle oscillation frequency for
the (a) S1, (b) S2, (c) S3, and (d) SW2 cases.
The experimental results are next reviewed in groups of oscillation frequencies: low,
middle, and high. Wavenumber range and KE magnitude are reviewed for each topography series.
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By comparing Figs. 3.4 and 3.6, it is seen that for all single ridge cases at the middle oscillation
frequency, the region of wavenumbers with high KE is about two times greater than the
wavenumber region of the low frequency cases. High KE also occurs at lower wavenumbers of k
≈ 25 m-1 for the SW2 case at the middle frequency.
Shown in Figure 3.7 are the KE contour plots for the single ridge specimens for high ω.
Once again, the S2 case in Fig. 3.7 (b) has the highest KE magnitude, but the range of k is smaller
with 33 < k < 70 m-1 than the other frequencies. The S1 case also has the highest range of high KE
wavenumbers at the high oscillation frequency. It is noted that the wavebeam propagation angle is
θ ≈ 55°, similar to the propagation angle of the middle frequency waves. The expected θ for the
high frequency is 25.8°. This discrepancy is congruent with the findings of Aguilar and Sutherland,
however, who found that for 0.7 < ω/N < 1, the generated frequency of internal waves approaches
a constant value corresponding to 0.6N < ω < 0.7N due to turbulence affecting the generation of
internal waves [2]. This justifies the trend seen in the high frequency results of the single ridge
series where θ does not decrease but corresponds to a lower oscillation frequency.

KE (J/kg)
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Figure 3.7 Contour plots of KE magnitude for the high frequency for the (a) S1, (b) S2, and (c)
S3 cases.
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For further analysis, KE is summed through k for each topography. The sum of KE for each
single ridge at the middle frequency is shown in Figure 3.8. The values in the line plots represent
the total KE at the shown k for all m. Any instance where KE > 0 represents energy in the generated
wavefield at the corresponding k value.

Low
Middle
High

Figure 3.8 Line plots of kinetic energy magnitude summed in k for the middle oscillation
frequency for the (a) S1, (b) S2, (c) S3, and (d) SW2 cases. The location of the expected energy
peak is marked with a black bar. Results of the low, middle, and high frequencies are shown in
blue, green, and red respectively.
Several trends are seen when observing these KE plots as a function of k. First, each sum
has one to two maxima, and the maximum always occurs at a wavenumber less than the expected
k for a given topography. The summed KE is also on the same order of magnitude for each case.
Finally, it is noted that the maximum KE is at nearly the same k = 34 m-1 for all cases except S1
where the KE maximum occurs at k = 12 m-1.
It can also be seen in Fig 3.8 (b) that summed kinetic energy has the highest magnitude in
the S2 case as was seen in prior contour plots. Although the experimental wavelength and
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excursion length of this specimen topography, λ = 0.059 m, correlates to an expected wavenumber
of k = 107 m-1, the energy sum peak is at k = 34 m-1 which corresponds to λ = 0.19 m. The location
of the global maximum of summed KE for S1 also doesn’t agree with expected results. This peak
corresponds to λ = 0.37 m when the actual λ = 0.042 m. The S1 case also has lower energy along
many values of k compared to the other single ridges where energy is concentrated at one main
value of k except at high frequency. The expected energy peak location at k = 149 m-1 doesn’t
show high energy.
S1 has the highest ε value and most disparate k range from what is expected. In order to
separate the effects of tidal wave generation and turbulence, trends in KE plots like Fig. 3.8 will
later be analyzed for each topography for both supercritical and subcritical scenarios. Comparisons
of dual-ridge topographies will be made with single ridges as opposed to ideal expected values.

3.3 Dual-ridge Topography Comparison
In analyzing dual-ridge systems, like the single ridge cases, the expected k values for the
KE maxima are compared to the observed values. Table 3.2 shows λ, kex, ε, Ex, and Re for the
double ridge cases. The excursion number is also very low for all experiments, so there is very
little turbulence due to boundary layer separation from the topography. For the W1W2mF case, ε
and Re are reported for the W1 ridge as it has the steepest slope and highest amplitude allowing
which are dominant characteristics in determining ε and Re. Criticality values in Table 3.2 will be
used to qualify experiments with subcritical or supercritical topographies. As noted from the
Reynold’s number values presented, the fluid flow is well below the turbulent regime, but a local
recirculating wake may be expected. Re does not adequately characterize the behavior of internal
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Table 3.2. The total wavelength, λ, expected horizontal wavenumber location, kex, of high energy
peaks, criticality, ε, excursion number, Ex, and Reynold’s number, Re, for experimental
dual-ridge topography cases. The three reported ε and Re values are for the
experiments at low, medium, and high frequency.
Case

λ (m)

kex (m-1)

Ex

ε

Re

0.0404

155.5

0.12

5.34
3.53
1.94

88.34
111.6
128.5

0.0542

115.9

0.12

5.34
3.53
1.94

88.34
114.6
128.5

0.0616

102.0

0.12

5.34
3.53
1.94

88.34
114.6
128.5

0.0644

97.56

0.08

2.68
1.77
0.974

88.34
111.6
128.5

0.0868

72.39

0.06

2.68
1.77
0.974

88.34
111.6
128.5

0.1031

60.94

0.05

2.68
1.77
0.974

88.34
111.6
128.5

0.1071

58.67

0.05

1.35
0.891
0.490

88.34
111.6
128.5

0.1466

42.86

0.03

1.35
0.891
0.490

88.34
111.6
128.5

0.206

30.50

0.02

1.35
0.891
0.490

88.34
111.6
128.5

0.170

36.96

0.03

0.446

111.6

0.214

29.36

0.02

0.446

111.6

0.192

32.72

0.03

0.891

111.6

TN

TM

TF

MN

MM

MF

WN

WM

WF

W2M

W2F

W1W2m

waves generated by a topography. Therefore, this value will not be emphasized in further analysis.
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Noting the ε values in Table 3.2 shows that the supercritical cases are the T series, M series
at low and middle frequency, and the W series at low frequency. The subcritical cases are the W
series at middle and high frequency, and the entire W2 series. The M series at high frequency has
ε ≈ 1, so this topography is critical. Therefore, these results will be included in the supercritical
analysis.
̃ 2 and KE magnitudes of every topography for experiments conducted at the middle
∆𝑁
oscillation frequency, ω = 0.75N, are shown in the contour plots in Figure 3.9 and Figure 3.10
respectively. Plots of single ridge topographies are denoted with Roman numerals and dual-ridge
̃ 2 and KE for all double ridge
plots are labeled with letters a through k. Contour plots of both ∆𝑁
topographies and all oscillation frequencies are contained in Appendix A2. Only the right-side
wave is observed because the topography is symmetric, and as was shown previously with single
ridge topographies the wave energy is similar on both sides of the topography. This can also be
seen by comparing plots in Appendix A2.
Fig. 3.9 (I) shows the control for all Thin (T) cases, Fig. 3.9 (a-c). Fig. 3.9 (II) is the control
for the M cases, Fig. 3.9 (d-f), and Fig. 3.9 (III) is the control for the W cases shown in Fig. 3.9
̃2
(g-i). Fig. 3.9 (IV) is control for the W2 cases shown in Fig. 3.9 (j, k). As can be seen in the ∆𝑁
contour plots, large perturbations are detected at various values of k due to the varied slope of the
topography.
The greatest perturbations are seen in the middle of this k range except for the MF, WM,
WF, and W2 cases where k values are more concentrated at 8 < k < 25 m-1 and 35 < k < 55 m-1.
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̃ 2 (m2s-2)
∆𝑁

̃ 2 (m2s-2)
∆𝑁
̃ 2(m2s-2)
∆𝑁

̃ 2 magnitudes for the middle oscillation frequency for (I-IV) S1,
Figure 3.9. Contour plots of ∆𝑁
S2, S3, SW2, (a-c) TN, TM, TF, (d-f) MN, MM, MF, (g-i) WN, WM, WF, and (j, k) W2F, and
W2M topographies.
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KE (J/kg)

KE (J/kg)
KE (J/kg)

Figure 3.10. Contour plots of kinetic energy magnitudes for the middle oscillation frequency
for the same scenarios as Fig. 3.9.
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These topographies are in the subcritical regime, so it is reasonable that the wave field yields more
consistent behavior than the other supercritical cases.
Figure 3.10 shows the KE contour plots for each topography at the middle frequency with
the similar relationships as Fig. 3.9. Observing the plots reveals that most internal waves from
dual-ridge topographies generate a range of k values that is the same as their single ridge
counterparts. The Wide and Wide 2 cases are an exception, however, because they have less spread
in k but still show near the same peaks as the single ridge control case. It can be seen in Fig. 3.9
(a-e, g) and Fig. 3.10 (a-e, g) that topographies with higher criticality have consistent peaks at
similar k values, k = 44 m-1, but there are notable differences in the results of these topographies
that are discussed later. In comparing the Thin (TN, TM, and TF) cases to the control S1 case, the
range of wavenumbers present is very similar with similar magnitude.
Further qualitative analysis of the KE in waves generated by double ridge topographies
shows that the MF, WM, WF, and W2F ridges each have more concentrated k values than their
control counterparts. This may be expected for the subcritical cases which generate waves directly
from topography and are not plagued by local turbulence within the wave.

3.4 Subcritical Topographies
Three research objectives were defined to investigate the internal wave generation of dualridge symmetric and asymmetric topographies. Each of the specimen topographies will be
investigated individually. First, the subcritical cases determined by ε in Table 3.2 are presented.
The subcritical cases are the W series at middle and high frequency, and the W2 series. Then the
remaining supercritical topography results will be discussed.
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3.4.1 Wide Topography Series at Middle and High Frequencies
The first topography set to analyze in the subcritical regime is the W series at middle and
high oscillation frequencies. Figure 3.11 shows the summed KE plots for the S3, WN, WM, and
WF cases at ω = 0.75N. The wavenumber location of the maximum KE, horizontal wavenumber
range, and total KE are shown in Table 3.3.

Figure 3.11 Line plots of kinetic energy magnitude summed in k for the middle oscillation
frequency for the (a) S3, (b) WN, (c) WM, and (d) WF cases. The experimental topography is
shown in the respective plot.

A noteworthy qualitative observation for this set of topographies is that maximum KE
values are the same order of magnitude and near the same value of k = 25 m-1 (multiple peaks in k
in the WM and WF results will be discussed further), and all results for this series have regions of
KE with k of similar bounds.
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Table 3.3. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Wide series of topographies at
the middle oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S3

24

[5, 80]

15.3

WN

34

[5, 90]

15.0

WM

16, 56

[5, 100]

12.1

WF

10, 40

[5, 75]

6.83

For the S3 case in Fig. 3.11 (a), the local maximum KE = 1.82 × 10-9 J/kg is at k = 24 m-1.
This case also has a total KE = 15.3 × 10 -9 J/kg. The wavenumber range of the internal waves
generated by the S3 topography extends to about 80 m -1. Because this topography acts as the
control for this series, the internal wave behavior the WN, WM, and WF cases will be compared
to the S3 waves.
Fig. 3.11 (b) shows the KE sum for the WN case where the maximum KE = 1.84 × 10 -9
J/kg at k = 34 m-1 and the total KE = 1.5 × 10-8 J/kg. The k location of the KE maximum of WN, k
= 34 m-1 is close to the KE maximum that was noted for the control and is nominally the same
magnitude of KE = 2.1 × 10-9 J/kg. There may be a slight shift in the wavefield toward higher
wavenumbers with the addition of the second ridge, but this is minimal based on the broad peak
for both the control and WN cases. Here the total KE magnitude is the same and is similar to the
control case, so the WN topography is effectively a single topography wave generator. This trend
will be observed in the analysis of subsequent N spacing topographies.
The KE sum of the WM case is shown in Fig. 3.11 (c). The total KE for this topography is
KE = 12.1 × 10-9 J/kg. The first maximum KE, at k = 16 m-1, is KE = 1.18 × 10-9 J/kg. This
wavenumber is also a high energy location in the internal waves of the control, but the magnitude
of KE is lower in the control. The second maximum KE = 1.48 × 10 -9 J/kg is at k = 60 m-1 which
59

is still in the range of k values seen in the control but again has a greater KE magnitude. It should
be noted that this local maximum occurs at the wavenumber that corresponds to the experimental
λ for a single ridge of the topography. This scenario shows that tidally generated waves
surrounding dual-ridge topographies are influenced by the characteristics of a single ridge as well
as the total width of the dual-ridge.
Fig. 3.11 (d) shows the KE sum for the WF case. The total KE for this case is 6.83 × 10 -9
J/kg which is one order of magnitude lower than the other cases in the W series. The two local
maxima are KE = 7.58 × 10-10 J/kg at k = 16 m-1, similar to the WM case and the control, and KE
= 2.48 × 10-9 J/kg at k = 41m-1. For the W series, it is observed that as criticality decreases and
topography ridges separate, the generated internal wavefield is increasingly impacted.
Next, the internal wave generation of the W series at the high oscillation frequency are analyzed.
The KE sum plots for the S3, WN, WM, and WF cases at this frequency are shown in Figure 3.12,
and the k of the KE maxima, k range, and total KE are given in Table 3.4.
Table 3.4. Wavenumber location of the maximum KE, wavenumber range,
and total KE for the Wide series of topographies
at the high oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-8)

S3

25, 40, 55

[5, 100]

1.32

WN

24

[5, 100]

1.27

WM

60

[5, 100]

1.46

WF

50

[5, 100]

0.955

It is noted from the values in Table 3.4 that the total KE of the internal waves for each case
at high frequency is near KE ≈ 10-8 J/kg showing that all cases create approximately the same total
energy. As with prior results, the WF case has the lowest KE. It is also observed in all subplots of
Fig. 3.12 that the range of high energy wavenumbers is similar for each case.
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Figure 3.12 Line plots of kinetic energy magnitude summed in k for the high oscillation
frequency for the same scenarios as Fig 3.11.

Shown in Fig. 3.12 (a) is the summed KE for the S3 control case. At the high frequency,
this case has the second highest total KE in the series, and various spikes in KE are seen across the
range of wavenumbers. The maximum KE occurs at k = 40 m-1 with secondary peaks at k = 55 m1

and k = 16 m-1. Also note the presence of significant wave energy at kex = 58 m-1 for this case. As

criticality continues to decrease, more wave energy is held in the generated kex and not spread by
turbulence.
As with previous results, the internal wave energy of the WN case, KE = 1.27 × 10-8 J/kg,
in Fig. 3.12 (b) is very similar to the control case, KE = 1.32 × 10-8 J/kg. Again, it is observed that
with the Near ridge spacing, the topography acts as a single ridge. This result may help explain the
results of Hakes which showed two closely spaced, asymmetric ridges with different amplitude
had negligible difference in the generated internal wave field of purely asymmetric ridges [3].
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The results from the WM case shown in Fig. 3.12 (c), are different from the control case,
but in a similar way to how WM in the middle frequency oscillation was different. Here, however,
there is more KE at the k associated with the single ridge’s expected value.
Figure 3.12 (d) shows the summed KE for the WF case. The wave energy observed here is
similar to the WF wave behavior at other frequencies, and the total KE is on the same order of
magnitude as those trials. Comparing the energy of the WF system to the S3 control at the high
frequency shows drastically different internal wave behavior, however. The internal waves of the
WF case have higher energy at higher wavenumbers (k > 45 m-1) which is contrary to what is
expected when considering the kex for this topography. Most of the KE is found at k ≈ 50 m-1.
Because there is some KE at low wavenumbers, it can be deduced that the geometry of a single
ridge is affecting the energy generation in the system as well as the full width of the topography.
The KE sum plots for the W series wavefields for the two frequencies explored thus far are
shown in Figure 3.13. In comparing these two, it is seen for both subcritical frequencies the
wavefields generated are within 15% of each other. The WF case consistently has the lowest total
kinetic energy and is concentrated in two wavenumbers. This may be due to destructive internal
wave interference such as was seen by Echeverri and Peacock, Echeverri and Balmforth, and
Garrett and Kunze [4]–[6]. It was found that subcritical and supercritical ridges separated as far as
10 cm apart showed lower energy conversion as a result of out-of-phase waves interfering with
each other.
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Low
Middle

Figure 3.13 Overlaid KE sum plots of wave fields of (a) S3, (b) WN, (c) WM, and (d) WF
topographies. Results of the low and middle frequencies are shown in blue and green
respectively.
Based on the results of this series, it is seen that the internal wave behavior is dominated
not only by the width of a single ridge but also the total width of the respective topography for the
WF case and the impact of separation occurs at WM distances.

3.4.2 Wide 2 Topography Series
The W2 series topographies are modeled with ridges that are double the width of the W
series. These shapes have the lowest criticality of all the topographies presented in this research.
Figure 3.14 shows the summed KE plots of the SW2, W2M, and W2F cases and the k of the
maximum KE, k spectrum, and total KE for this series are given in Table 3.5. Note all total KE is
at least 50% less than that in the W series. The W2 series investigation was conducted at the middle
oscillation frequency only to allow straightforward comparison to the W series and later the
asymmetric W1W2 series.
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Figure 3.14 Line plots of kinetic energy magnitude summed in k for the (a) SW2, (b) W2M,
and (c) W2F cases.

Table 3.5. Wavenumber location of the maximum KE, wavenumber range,
and total KE for the Wide 2 series of topographies.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

SW2

25

[5, 60]

6.83

W2M

16, 55

[10, 65]

2.91

W2F

42

[10, 65]

7.06

A W2N topography was omitted from these experiments because the peak separation does
not produce different results than the control, as will be discussed in Section 3.5.
For the SW2 case shown in Fig. 3.14 (a), the total energy is KE = 6.83 × 10-9 J/kg, and the
maximum KE = 1.6 × 10-9 J/kg is at k = 25 m-1. Based on the resolution of the KE sum plot, k =
25 m-1 could be assumed to be the harmonic wavenumber of kex for the SW2 topography.
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The W2M case shown in Fig. 3.14 (b) shows much lower KE with a total KE = 2.91 × 109

J/kg. Because of the physical width base of the topography model, the full topography amplitude

could not be submerged during experimentation. This effectively reduces the amplitude of this
ridge and results in lower total KE. Although the total energy is lower, results mirror those found
in other Medium-spaced experiments in that two groups of wavenumbers are visible as was seen
with the WF case at middle and high frequencies. The first wavenumber is near the first harmonic,
k = 18 m-1, for the W2M wavenumber and corresponds closely to the wavenumber of the control.
The second wavenumber is 58% greater than kex of both the control and the subject topography.
This could be due to the effective reduced amplitude of the ridges but will be discussed further in
the analysis of asymmetric topographies. Regardless, the results of the W2M topography show
that a second ridge has an impact on the generated internal wave field in that waves with higher
wavenumber are generated.
Fig. 3.14 (c) shows the KE sum plot for the W2F case. Similar to the SW2 control, a KE
peak is found at k = 16 m-1 with KE = 3.08 × 10-10 J/kg. The absolute maximum KE for this case
is KE = 2.32 × 10-9 J/kg at k = 40 m-1. With data resolution, this k value is attributed to both λ of
the SW2 and W2F cases. This shows the importance of a secondary ridge separated a distance at
least 1.6 times the ridge width from the first ridge to alter the generated internal wavefield to
include two main waves instead of a broad spectrum of waves around a single wavelength.
For the W2F case, the total KE = 7.06 × 10-9 J/kg which is higher than the W2M case. This
is surprising because almost all other symmetric topographies at the Far separation distance
showed a decrease in KE when compared to the respective control cases.
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3.5 Supercritical Topographies
Next, the internal wave generation of the supercritical topographies is examined. Although
the results of internal waves generated by supercritical topography are outside the intended scope
of this research, it has been shown that the results are not without merit. The oscillation frequency
is much lower than the regime of 7 Hz suggested by Dohan and Sutherland due to internal waves
excited by turbulent waves [7]. The data in the KE sum plots align with a theory proposed by
Taylor and Sarkar where waves endure less viscous damping, so the waves excited by turbulence
are the dominant waves observed [8].
As mentioned previously, this quantity describes to what degree the generated internal
waves breakdown immediately after generation. The supercritical cases are the T series and M
series at all oscillation frequencies and the W series at low frequency. For topographies with higher
criticality, the wave is expected to break down into harmonic waves and turbulence. This section
will show for any topography shape the impact of supercriticality is to smooth the wave field such
that all waves become very similar. Distinctions will be noted here associated with the various
ridge spacings and level of criticality.

3.5.1 Thin Topography Series
The Thin (T) topography series is supercritical at all three oscillation frequencies with the
low oscillation frequency having the highest ε value. Shown in Figure 3.15 are the summed KE
plots for the T series at the low oscillation frequency. Subplot (a) showing the experimental results
of the S1 case is included here for clarity. It is the control case for the T series. Topography shapes
are superimposed onto the respective subplots. All topographies have the same local slope and
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Figure 3.15 Line plots of KE magnitude summed in m for the low oscillation frequency for the
(a) S1, (b) TN, (c) TM, and (d) TF cases. The experimental topography is shown in the top right
of the respective KE sum plot.
thus criticality is the same. Table 3.6 contains the k location of the KE maxima, the approximate
range of horizontal wavenumbers for each topography, and the total KE for each case.
The KE of each case in the T series are similar to the control. Energy and range of
wavenumbers for the TF case in Fig. 3.15 (d) is greater than 49% less than the other T cases which
was seen in subcritical scenarios as well. It was hypothesized that interacting waves from each

Table 3.6. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Thin series of topographies
at the low frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S1

9, 45

[5, 80]

6.77

TN

30

[5, 80]

8.61

TM

30

[5, 80]

5.94

TF

30

[5, 80]

3.03
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ridge interact decreasing the total KE or mixing between the ridges decreases the effective
amplitude of the topography thereby decreasing the energy in generated internal waves. A common
KE maximum is found in all the T cases except the S1 case at k ≈ 30 m-1. Although S1 includes
two peaks below k = 50 m-1, the general trend of low wavenumber wave generation is the same for
this relatively high criticality scenario. This may be expected as the propagated wave breaks down
upon generation, creating similar motions in the wavefield. Because all topographies at the low
frequency, or the highest value of supercriticality, show similar wavenumbers and energy
magnitudes, it stands that supercritical topographies smooth the waves generated such that the
internal wave systems become similar regardless of topography spacing. This trend will be further
investigated with the T series at the middle frequency.
Figure 3.16 shows a comparison of the summed KE for the four Thin cases for ω = 0.75N.
This case has the second highest criticality among the specimen series. Table 3.7 contains the k
location of the maximum KE, the approximate range of wavenumbers, and the total KE for the T
series topographies at this frequency.

Table 3.7. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Thin series of topographies at
the middle frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S1

10, 54

[5, 75]

7.05

TN

44

[5, 100]

36.9

TM

44

[5, 80]

31.5

TF

16, 48

[5, 125]

23.6
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Observing Fig. 3.16 (a) and (b) reveals that the highest KE magnitudes are found in the
same wavenumber region for the S1 control and TN cases. This case is geometrically very similar
to the control, so it is reasonable to expect higher KE at low k, similar to the control case.
Comparing subplots (b) and (c) of Fig. 3.16 also shows that the KE in the wavefield generated
from the TN and TM topographies is almost the same, but the TN case shows approximately 50%
higher energy at low k.
The TF case in Fig. 3.16 (d) has similar KE magnitude and wavenumbers as the internal
waves generated by the other T series topographies. It should be noted that the TF case has the
lowest KE of the T cases which coincides with previous findings that the Far spacing of ridges
creates destructively interfering wavelengths or mixing between ridges reducing the effective ridge
amplitude.
All dual-ridge topographies also have a total KE that is one order of magnitude higher than
the control at this oscillation frequency. Once again, the congruence of wave field behavior for the
T series topographies supports the assertion that supercriticality attenuates wave generation into a
similar wave mode.
Next, the experimental results of the T series at the high oscillation frequency, ω = 0.9N,
are analyzed. The KE sum plots of these topographies are shown in Figure. 3.17. The kex, range of
high KE, and total KE are given in Table 3.8. After these results are analyzed individually, the
results from the respective topographies at each frequency will be compared.
Observing the total kinetic energy in each topography in the series, it is seen that each total
KE is near the same value for each topography except the TF topography which is an order of
magnitude lower. In fact, the TF topography generates very low energy internal waves at the high
oscillation frequency with the total KE being less than half the total KE of the S1 waves. This
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Figure 3.17 Line plots of KE summed in m for the high oscillation frequency for the same cases
as Fig. 3.15.

Table 3.8. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Thin series of topographies at
the high oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S1

9

[5, 75]

2.71

TN

36, 50

[5, 110]

18.4

TM

36, 44

[5, 140]

17.1

TF

36

[5, 75]

4.65

topography generates internal waves on approximately the same k range as the control for this
series, however. These results support the hypothesis that the Far peak separation creates internal
waves whose interactions generate less KE.
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The S1 control in Fig 3.17 (a) has considerably lower KE for the experiments at high
frequency. Although the energy peak at k ≈ 8 m-1 is the maximum for this case, this wavenumber
does not correspond to λ for this case. Also note the wave field energy decays rapidly. The k
spectrum of the generated wave field of the S1 case is very similar (within 40%) to the k range of
the rest of the experiments at this frequency, however.
Two noticeable maxima in the KE sum plot of the TN case shown in Fig. 3.17 (b) standout
in comparison to the KE sum plots of the rest of the series. The first peak is at k = 36 m-1 and the
second peak is at k = 54 m-1. These wavenumbers do not correspond to geometric parameters of
the topography, and these two peaks are quite close together. Therefore, these two peaks may fit
into the broader peak, and the slight local increase may be negligible.
In Fig. 3.17 (c) a similar total KE magnitude to the control topography is observed in the
TM case. The presence of the previously noted spikes in summed KE are seen at the same
wavenumbers as were first noted in the KE sum at ω = 0.6N, and the range of high KE
wavenumbers is about twice the range of k values for the control case. Observing the KE sum plot
from the TF case in Fig. 3.17 (d) reveals slight KE amplification compared to the control case, but
73% less total KE than the TN and TM cases.
The different cases of the Thin series will now be compared at each oscillation frequency.
Overlays of the S1 and T series KE sum plots are shown in Figure 3.18. Due to the similarity of
high KE wavenumber range in the experimental results of the TN and S1 cases, it is determined
that the addition of another ridge with a peak-to-peak separation of 0.4c increases the energy
generated by internal waves for ω = 0.6N and ω = 0.75N by about 22% and 81% respectively. For
ω = 0.9N, it is found that kinetic energy of internal waves generated by the TN topography is
approximately 85% higher than the S1 case.
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Figure 3.18 Overlaid KE sum plots of wave fields of (a) S1, (b) TN, (c) TM, and (d) TF
topographies. Results of the low, middle, and high frequencies are shown in blue, green, and
red respectively.
At the other two frequencies presented in this research, the range of wavenumbers, k, is
roughly equal to the range of k for the control because the TN topography is geometrically similar
to the control topography. The TN topography also has the highest total KE out of all the T series
topographies at the middle and high frequencies. This could be due to the slightly increase λ of the
TN topography with less destructive interference from a secondary ridge.
As shown in Fig. 3.18 (c), the TM topography had the highest total KE at the high
oscillation frequency. The more obvious geometric dissimilarity between the TM topography and
the control S1 topography affects the energy generation of internal waves in other ways as well.
Namely, kinetic energy propagates at higher wavenumber (k > 100 m-1) than is seen for the control
case at the low and high frequencies. At the middle oscillation frequency, the spectrum of high
energy k is similar to the S1 case, but the magnitude of summed KE with total KE over 1.5 times
greater than the S1 case.

72

Another effect of the geometry of the TM topography is the noticeable occurrences of a
rise in KE at harmonic wavenumbers of the control case. This wave behavior was observed at all
ω values, although only a harmonic at low k was observed in the experimental results for the
middle oscillation. The existence of the second ridge at the 1.6c peak-to-peak distance causes this
phenomenon.
Observing experimental results for the TF topography over all frequencies shows that the
identical second ridge with the peaks 2.4c apart generates internal waves independent of the first
ridge. At ω = 0.75N, a rise in KE was found at very high k in a range bounded by harmonics of the
TF topography. For the other frequencies, however, the KE of the TF case was within the same k
range as the control, and the energy was at least two times the energy generated by the internal
waves from the S1 topography. These results affirm that the second ridge may generate internal
waves that are the same wavelength as the first ridge, but there may be interference between outof-phase waves generated by the second ridge. Because the generated internal waves for all cases
in the T series span the approximately same range of wavenumbers at all oscillation frequencies,
it is maintained that the supercriticality of the T series tends to smooth all waves to a similar wave
mode.

3.5.2 Medium Topography Series
In order to further investigate the assertions made above and in previous sections,
experimental results from the Medium (M) topography series will be analyzed. Figure 3.19 shows
the KE summed in m for the M series at the low oscillation frequency. The S2 topography is the
control case and is included in subplot (a) of all the KE sum plots for this series. Table 3.9 shows
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the k of the maximum KE peak, wavenumber spectrum of high KE, and total KE for each
topography.

Figure 3.19 Line plots of kinetic energy magnitude summed in m for the low oscillation
frequency for the (a) S2, (b) MN, (c) MM, and (d) MF topographies.

Table 3.9. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Medium series of topographies
at the low oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S2

24, 85, 130

[5, 950]

153

MN

24

[5, 75]

6.71

MM

26, 50

[5, 70]

16.9

MF

19

[5, 100]

7.27
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First, the internal wave behavior of the control S2 case in Fig. 3.19 (a) shows very high KE
throughout the visible window of k. The range of k for this topography extends to about k = 950
m-1. Also note that the KE peaks at k = 24, 85, and 130 m-1 do not occur at harmonic wavenumbers
of kex = 107 m-1 for the S2 topography nor are these wavenumbers a separate harmonic series.
There is also considerable wave energy at kex of this topography, however. The total KE of the
control case is also the highest of the series at low ω being one order of magnitude higher than the
MM case and two orders of magnitude higher than the MN and MF cases.
Analyzing the KE sum plot in Fig. 3.19 (b) and values in Table 3.9 for the MN topography
reveals that the KE of internal waves generated by this topography is very low compared to the
control. The maximum in the summed KE for this case aligns with the maximum of the control
case at k = 24 m-1, despite the internal waves having a small range of active wavenumbers.
The experimental results for the MM topography are shown in Fig. 3.19 (c). The internal
waves generated by this topography are the highest energy waves of the dual-ridge topographies
at this frequency. Internal waves generated from this topography show lower energy than the
control case, but the maximum in the KE sum plot is at k = 25 m-1 similar to the control. Because
KE > 0 at the kex for this case, there is also topography generated internal wave energy present.
The generated internal waves have high energy over a larger range of k than the MN case. Still,
this range is not on the scale of k of the S2 control case, however.
Fig. 3.19 (d) shows the KE sum plot of the MF case. These results have near the same
amount of total KE as the internal waves generated by the MN topography. Once again, the
maximum in summed KE is found at the same wavenumber as the maximum of the control, k =
25 m-1. Similar to the S2 and MM cases, because KE > 0 at the kex for this topography, it can be
concluded that some of the internal wave energy is related to the geometry of the topography.
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In comparing the three M topographies with each other, a trend emerges: the k range seems
to slowly expand with increasing peak-to-peak distance. In the KE sum for the MF topography,
there is a sustained region of KE > 0 from 60 < k < 100 m-1 which could be due to the large peak
separation of the Far (F) peak-to-peak distance. This trend will be investigated further in
experimental results with the middle and high ω.
The experimental results of the M series at the middle frequency are shown in Figure 3.20.
The wavenumber location of the maximum KE, wavenumber range, and total KE for the series are
also reported in Table 3.10.

Figure 3.20 Line plots of kinetic energy magnitude summed in m for the middle oscillation
frequency for the for the same scenarios as Fig. 3.19.

It is seen in the table and Fig. 3.20 (a) that the S2 topography has a total KE = 46.6 × 10 -9
J/kg and the highest internal wave energy conversion when compared to the dual-ridge models.
The maximum in the summed KE is at k ≈ 30 m-1 and the range of k extends well past the plotted
window. The agreement of these results and the results from the same topography at the low
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Table 3.10. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Medium series of topographies at the
middle oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S2

32, 80, 130

[5, 150)

46.6

MN

34

[5, 100]

10.3

MM

28

[5, 70]

11.6

MF

28, 80

[5, 100]

9.61

oscillation frequency indicates that the measured energy behavior is not anomalous. It can be seen
that there is still some KE peaking at the expected wavenumber with a magnitude of KE = 1.47 ×
10-10 J/kg.
Figure 3.20 (b) shows the summed KE of internal waves generated by the MN topography.
The maximum KE = 1.93 × 10-9 J/kg at k ≈ 30 m-1 is 51% of the magnitude at the same wavenumber
of the maximum KE of the S2 internal waves, which is assumed because of data resolution. By
observing the KE sum plot for the MN case, it can be seen that the range of high energy k has an
upper bound that aligns closely with kex of the total λ. Similar trends can be observed in the
previously discussed TF case and the MM case at the middle frequency.
The summed KE of the MM case shown in Fig. 3.20 (c). Comparing the KE sum plots of
the MN and MM cases at this frequency reveal that internal wave behavior is similar. As mentioned,
the wavenumber range of high KE seems to be bounded on the upper end by the kex for this
topography. The maximum in the KE sum plot is k ≈ 30 m-1 where KE = 2.29 × 10-9 J/kg. This
aligns well with the k coordinate of the maximum in summed KE for both the MN and control
topographies. There are no other significant peaks in the KE sum plot for the MM case.
Fig. 3.20 (d) shows the KE for the MF case. This has a total KE = 9.61 × 10 -9 J/kg and is
one order of magnitude lower than the other cases in the M series, which is similar to the WF case
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in the W series. It should also be noted that this is the first instance that two significant local
maxima are shown in the KE sum plot for this series, however. The global maximum is found at k
≈ 30 m-1 with KE = 1.41 × 10-9 J/kg which is the same location of the KE maximum of the control.
Another local maximum is at k ≈ 85 m-1 where KE = 4.63 × 10-10 J/kg. When comparing the total
KE of this case to the rest in this series, the MF wavefield appears to have some destructive wave
interference as shown by the decrease in total KE. This trend has been seen in both supercritical
and subcritical cases.
Results for the M series at high oscillation frequency are presented next. Noting the ε value
in Table 3.2 shows that the high frequency case of the M series is very near critical. Therefore, it
is grouped with the supercritical analysis. The KE sum plots for the M series at ω = 0.9N is shown
in Figure 3.21. The k of the maximum KE, high energy k range, and total KE for this series are
given in Table 3.11.

Table 3.11. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Medium series of topographies at
the high oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S2

10, 36, 48

[5, 100]

25.7

MN

24, 50

[5, 100]

17.1

MM

38

[5, 75]

11.4

MF

20, 80

[5, 60]

7.27

The S2 topography is the control case for the M width topographies and is included in Fig.
3.21 (a). Based on the control case, a broad range of k may be expected in the generated wavefield.
This behavior is not unreasonable because the high oscillation frequency is expected to excite
waves of higher energy that could break down into harmonic waves of varying wavenumbers.
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Figure 3.21 Line plots of kinetic energy magnitude summed in m for the high oscillation
frequency for the (a) S2, (b) MN, (c) MM, and (d) MF topographies.
Additionally, due to a single wavelength being generated a small spread of k would be expected to
define that single wavelength. As mentioned previously, the spread of k values is due to the
complex geometry of the topography generating wavenumbers corresponding to the different
slopes of the Gaussian curve. This can be seen clearly in the spread of k peaks in the KE sum
figures.
Shown in Fig. 3.21 (b) is the KE sum plot for the internal waves of the MN topography. In
comparing these results to the control, it is seen that the range of wavenumbers for these internal
waves agrees well with the single ridge control. The total KE of this case is considerably lower
than the control, however, with KE = 17.1 × 10-9 J/kg. The maximum KE also occurs near k = 50
m-1 as does the control. Another peak in KE is present at k ≈ 24 m-1 which is also local maximum
for the control, although there is higher KE at lower k in the control case. These KE peaks in the
MN case also both have higher KE magnitude than the peaks in the control, but the total KE is
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comparable. The wave behavior shown in Fig. 3.21 (b) may be attributed to the waves generated
by the MN topography acting as a single ridge, as was described in the sections above.
The internal wave energy for the MM case is shown in Fig. 3.21 (c). When comparing these
results to the energy of the control, it is seen again that KE is higher magnitude but for the same
range of k. Note that the total range of k values is smaller for the MM waves, such that a more
well-defined wave of single k is present. This results in lower total KE, although still the same
order of magnitude. The maximum in KE is found at k = 38 m-1 which aligns with the main peak
wavenumber in the control. Thus, even at this increased separation distance the topography acts as
a single ridge with waves generated by each symmetric slope of the topography.
It should be noted that the control case has the highest total KE in the series of KE = 25.7
× 10-9 J/kg, and all other cases have total KE values of the same order of magnitude except for the
MF case which shows wavenumbers corresponding to two generated waves. The KE sum plot for
the MF topography is shown in Fig. 3.21 (d). The energy propagation of internal waves occurs at
a broader range of wavenumbers than for the control case. Two peaks are seen in KE at k = 20 m1

and k = 80 m-1. These two peaks in KE are due to both the geometry of a single ridge and the

width of the full topography. Here the total KE is an order of magnitude lower than the control
case. It is possible that boundary layer separation and mixing between the two ridges is causing a
lower magnitude of KE, or destructive interference could be occurring.
Next, the M series will be compared for the different frequencies then compared to the T
series of topographies. Overlaid KE sum plots of the supercritical M series cases are shown in
Figure 3.22.
There were many peaks in the KE sum plot for the S2 waves at high frequency, but these
peaks occurred over a small window of k. Compared to the results from the S2 case at lower
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Figure 3.22 Overlaid KE sum plots of wave fields of (a) S2, (b) MN, (c) MM, and (d) MF
supercritical topographies. Results of the low and middle frequencies are shown in blue and
green respectively.

frequencies, the subcritical S2 case has lower energy in general. The KE behavior at lower
wavenumbers, e.g. k < 100 m-1, aligns fairly well across all frequencies.
It was hypothesized that the increased peak-to-peak distance of the dual-ridge M
topographies increases the range of k values for internal waves. Comparing the M series results at
the middle oscillation frequency in the results of the low frequency, it is seen that this trend doesn’t
hold. For the 2.4c peak-to-peak distance in Fig. 3.22 (d), it was also seen that total KE did not
increase. Due to the larger geometry of the M series, there may be some destructive wave
interference lowering overall KE. The overall similarities of the KE of the TN, TM, and TF cases
across the different oscillation frequencies should also be noted. This again exhibits the
characteristics of wave smoothing from the supercritical topography.
Comparing the KE sum plots of the T and M series also shows that there may not be an
energy amplifying effect from the secondary ridge. The lack of alignment with the experiments
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suggest that the observed internal waves may be turbulence-generated internal waves. Findings
from Munroe and Sutherland assert that turbulence generated internal waves oscillate at constant
fractions of N [9]. Since the oscillation frequencies in this research are defined by fractions of N
(ω = 0.6N, 0.75N, and 0.9N), and the T and M topographies presented here are all supercritical, it
is reasonable to conclude that the generated wavefield are turbulence generated internal waves.
Similar wave behavior to other “Near” peak spacing topographies was seen in the results
of the MN topography. The energy propagation of internal waves occurs at k ranges similar to the
k range of the control. The MN results at the high ω show multiple peaks in KE that weren’t
observed in the MN results at other ω. The existence of multiple KE peaks for the other subcritical
N spacing topographies will be investigated in order to better understand the and characterize this
wave behavior.
Wave behavior for the MM topography was consistent throughout all experiments at all
oscillation frequencies. The total KE was about 10 -9 J/kg for each trial. It was also seen that the
MM energy at high ω has a very similar k range to MM at middle ω but the highest KE is found
in the low frequency.
Once again, the significance of a single ridge and the dual-ridge is seen in the MF energy.
Particularly, noteworthy is the fact that KE magnitude at k = 20 m-1 remains approximately
constant across all frequencies. The peak in KE for the WF case occurs at the average of the kex
values for the two scenarios, which shows that energy is being generated by both the single ridge
and full width of the two-ridge system. This phenomenon will continue to be observed in the
subsequent analysis.
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3.5.3 Wide Topography Series at Low Frequency
The final series in the analysis of the supercritical cases is the Wide (W) series at the low
oscillation frequency. Plots of summed kinetic energy for the series is shown in Figure 3.23. The
wavenumber location of the maximum KE, wavenumber range, and total KE are reported in Table
3.12.

Figure 3.23 Line plots of kinetic energy magnitude summed in m for the low oscillation
frequency for the (a) S3, (b) WN, (c) WM, and (d) WF topographies.
The S3 topography is the control for the W series, so the KE sum plot for this case is shown
in Fig. 3.23 (a). The kinetic energy of internal waves generated by this topography is the highest
out of the rest of the supercritical W experiments and shows a sharp rise in KE at low k. The range
of wavenumbers from the S3 topography is small compared to the S2 topography, and the k of the
KE maximum does not align with kex = 46 m-1. Nonetheless, the results from the rest of the W
series will be compared to the results from the S3 topography.
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Table 3.12. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the Wide series of topographies at
the low oscillation frequency.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

S3

10, 35

[5, 75]

20.2

WN

32

[5, 75]

12.1

WM

10, 60, 125

[5, 130]

17.7

WF

8, 42

[5, 75]

9.19

Shown in Fig. 3.23 (b) is the KE from the WN topography. Comparing this plot to Fig.
3.23 (a) shows that the energy conversion of internal waves generated by the WN topography are
the nearly same as the energy of the control both in magnitude and active wavenumber range. KE
does not increase rapidly at low k like the control, however. This indicates that the secondary ridge
at this spacing only nominally influences the internal wave energy.
The KE sum plot for the WM topography is shown in Fig. 3.23 (c). First, note the total
range of k is the largest compared to the other topographies in this series. Experimental results of
the WM case show high KE at low wavenumbers similar to the control case. This shows that the
effects of the singular topography are present in wave generation of the dual-ridge scenarios.
There is another distinct secondary peak in the KE sum plot for the WM case at k ≈ 60 m-1. This k
value corresponds closely to the average of kex for the S3 and WM topographies, k = 55 m-1. Based
on the data resolution of the KE sum diagram, it is assumed that this KE peak is due to the
combined energy generation of each ridge acting singularly and the full dual-ridge system. The
existence of this secondary peak substantiates the hypothesis that a secondary ridge at the 1.6c
peak-to-peak distance affects the generation of internal wave energy.
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Figure 3.23 (d) diagrams the KE summed in m for the internal waves generated by the WF
topography. Immediately it is noted that there are two peaks in KE, and the range of k is the same
as the control for this series. The first peak is located at the same k as the peak of the control case
which further serves as evidence of the effect of the shape of a single ridge in energy generation
of internal waves.
The second KE peak has the greater magnitude than the first peak which is contrary to most
results that have been reported so far. Because KE is so much higher magnitude at this
wavenumber compared to the control case, it is concluded that this energy is related to the internal
waves generated by the dual-ridge topography. As mentioned previously, this k falls within the
range of k based on the single ridge. Therefore, it is reasonable to expect the energy to increase as
much as it does because the energy propagated by internal waves at this wavenumber are being
affected by the single ridge geometry as well as the 2.4c peak-to-peak spacing of the dual W ridges.
Now all results from the symmetric dual-ridge topographies will be compared with the W
series at the low oscillation frequency. Plots of KE summed in m for the W series are shown in
Figure 3.24.
The KE for the internal waves of the TF specimen shows only one peak where the MF and
WF results show one or two peaks depending on the oscillation frequency. The energy of the
internal waves in the MF case is lower than the energy of the WF case. Although the peak-to-peak
distance is defined by the parameter c, this value is not equal for the T, M, and W series. Since cW
is double cM, and cM is double cT, the physical distance between peaks on the dual-ridge specimens
are quite different. Therefore, the wave behavior of the different series at the F distance varies.
Comparing all supercritical topography widths with the Near (0.4c) spacing and the
respective control cases shows strong similarity in the respective KE sum diagrams. There are also

85

Low
Middle
High

Figure 3.24 Overlaid KE sum plots of wave fields of (a) S3, (b) WN, (c) WM, and (d) WF
topographies. Results of this series at middle and high frequencies are subcritical, and results
at low frequency are supercritical.

no secondary peaks of KE found among these cases that could be related to the full λ of the
topography. Therefore, it is concluded that the 0.4c peak spacing parameter does not cause the
secondary ridge to affect internal waves generation. As mentioned previously, this may help to
explain the results of Hakes where asymmetric Gaussian ridges with close peak separation showed
negligible difference in KE generation [3].
High KE has been found at the average of kex for many topography widths at different
frequencies. As alluded to earlier, this is evidence that both the single ridge geometry and dualridge geometry of the topography influence internal wave energy. This gives valuable insight into
the characterization of more realistic topographic shapes. It is hypothesized that symmetric
Gaussian dual-ridge topographies with a peak-to-peak distance of 1.6c or 2.4c propagate at
wavenumbers for the single ridge width and the dual-ridge width.
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In the subcritical regime, dual-ridge asymmetric topographies are analyzed and interactions
of peaks with different slopes are investigated to further study the hypotheses formulated in the
previous sections. The first is that topographies with a separate second ridge alter the horizontal
wavenumber spectrum of the generated wavefield, and the second hypothesis is that a second ridge
at a Far peak spacing of decreases total KE in the generated wave field due to wave interference
or amplitude attenuation as described earlier.

3.6 Dual-ridge Asymmetric Topographies
In order to investigate the effect of topography amplitude and local slope on internal wave
generation (Research Objective 3) the W1W2 series topographies were studied. The W1W2 series
was created by placing one ridge with the W characteristics in line with a W2 ridge. Likewise, the
W1W2mF case has the W1 and W2 topographies in line, but the W2 topography is modeled with
70% amplitude, a = 0.017 m, standard amplitude. Because the topography is asymmetric, wave
propagation on both sides of the topography is observed. The different sides of the topography will
be denoted by which ridge is closest to the wavebeam being observed and is labeled with a red
rectangle in the KE sum plots. It is noted that the S3, SW2, WF, and W2F cases are the control
cases for the asymmetric ridges as all the W1W2 series are a hybrid of all four of these
topographies.
Figure 3.25 shows the KE sum line plots for the W1W2mF and W1W2F cases. Table 3.13
contains the k of the maximum KE, range of k, and total KE for the series. The W1 side of the
W1W2mF case shown in Fig. 3.25 (a) has a total KE = 10.8 × 10-9 J/kg and a maximum KE at a
wavenumber of k = 42 m-1. The energy at this wavenumber makes up about one-third of the total
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Figure 3.25. Line plots of kinetic energy magnitude summed in m for the (a) W1 side and (b)
W2 side of the W1W2mF case and the (c) W1 side and (d) W2 side of the W1W2F case. The
red rectangle designates which side of the ridge is being observed.

Table 3.13. Wavenumber location of the maximum KE, wavenumber
range, and total KE for the topographies
with ridges of different slope.
Case

k of Max KE (m-1 ±5 m-1)

Range of High KE (m-1)

Total KE (J/kg × 10-9)

W1W2mF

42

[5, 65]

10.8

W2mW1F

42

[5, 75]

7.26

W1W2F

10, 42

[5, 70]

5.69

W2W1F

10, 42

[5,70]

6.39

KE for this wave field. Note that the wavefield is also very similar to the wavefield of the W2F
case. This indicates that peak spacing could be a stronger influence in the internal wave generation
of dual-ridge topographies.
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The wavenumber of the maximum KE for this case also does not match the kex values for
the S3 nor the SW2 cases. This k is also higher than kex for the λ of the dual-ridge topography
similar to the results of the W2M case. Observing Fig. 3.25 (a) shows that the second ridge at
lower amplitude with different slope does not affect the spectrum of high energy
wavenumbers.This is also seen in Figure 3.25 (b) in the internal waves generated by W2m side of
the W1W2mF topography. It is seen that the maximum KE is seen at the same k as the W1 side of
this case, but the total KE is lower on the W2m side with KE = 7.26 × 10 -9 J/kg. A slight increase
in the KE of the lower k range is associated with the wavelength of the W2 ridge, but there is only
nominal effect of this ridge. This indicates that a lower topography amplitude creates less energy
in internal waves as was postulated when observing the W2M results.
Figure 3.25 (c) shows the W1 side of the W1W2F topography. Directly comparing this
subplot to Fig. 3.25 (a) shows distinguished peaks similar to what was seen for the Far separation
series in the symmetric experiments. It can also be seen that the KE sums of either side of the
W1W2F ridge in Figs. 3.25 (c) and 3.25 (d) are similar, and higher KE is found at low
wavenumbers due to the full amplitude W2 ridge. It is interesting to note the effect of the W2 ridge
is more dominant on the opposite side of the topography as is seen in Fig. 3.25 (c).
It is noted that the total KE is an order of magnitude lower for the W1W2F waves than for
the W1W2mF waves. This coincides with the hypothesis that internal wave interaction is causing
a decrease in KE of the wave field, but this could also be the result of fluid mixing between peaks
similar to the observations of Aguilar and Sutherland [2]. These observations also highlight an
effect of topography amplitude. Although the KE sum plots are near identical for both sides of
each respective topography, a second ridge with amplitude equal to the first will increase the
amount of energy across the spectrum of k. It was also seen that for asymmetric dual-ridges the
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energy generated in the internal wave field is nominally affected by the ridges of different
amplitude. More investigation of asymmetric topography would need to be analyzed to further
confirm these hypotheses, however.

3.7 Results Summary
In this section, the internal wave generation by various topographies at three different
oscillation frequencies was analyzed to fulfill three research objectives:
1. Analyze the impact of the relative separation of a second ridge in dual-ridge topography
on internal wave generation.
2. Characterize the effect of individual ridge slope on internal wave generation by dual-ridge
topography.
3. Investigate the effect of the topography amplitude differences on internal wave generation
with a subset of topographies as defined by objectives 1 and 2.
In order to analyze the dual-ridge topographies, first, control cases were determined.
Analyzing the results of single ridge topographies showed that wave energy characteristics are
similar on either side of a symmetric topography. It was also found that due to the shape of the
Gaussian curve that defines each ridge, a range of wavenumbers are found for each control rather
than a small concentration at or near kex based on the wavelength of the topography.
Next, dual-ridge topographies were analyzed in three categories: subcritical, supercritical,
and dual-ridge asymmetric topographies. Subcritical topographies were selected to investigate
Research Objective 1 because the internal waves generated are less likely to dissipate after
generation. In the analysis of subcritical cases (W series at medium and high frequencies and W2
series), the highest total energy in the generated waves was found in the WF case with KE = 2.48
90

× 10-9 J/kg. It was also found that the Medium and Far spacing cases had two regions of
wavenumbers with high KE. Interestingly, the Far spacing topographies usually generated lower
KE waves than their Medium-spaced counterparts. This could be explained by internal wave
interactios causing a decrease in KE of the wave field or boundary layer separation causing mixing
between the two ridges as observed by Aguilar and Sutherland [2]. From this analysis, a limit to
the peak-to-peak spacing effect on influencing the KE of propagating internal waves has not been
found. Further research could be performed to explore this limit.
The supercritical topographies were used to explore Research Objective 2. These were the
T and M series at all frequencies, and W series at low frequency. As stated earlier in this chapter,
supercritical topography tends to smooth waves towards similar wave modes. The criticality of the
topography is heavily influenced by the slope of the topography, so internal wave behavior of
supercritical cases showed similar wave number ranges and nominally increasing kinetic energy
values with increasing oscillation frequency. Similar trends were seen in comparing subcritical
results too, however. The wavenumber and energy of the wave field, therefore, appears to be
defined by the topography width more than the slope for the supercritical cases. The small energy
increase seen with increasing frequency could be due to higher oscillation frequencies moving the
topography at a higher velocity.
It should also be noted that all KE sum plots for the subcritical topographies show nonzero magnitudes of KE at kex of all topographies while for some of the supercritical cases, the KE
was zero at kex. This energy may also be tidal energy conversion in the turbulent regime as Dohan
and Sutherland have suggested [7]. They found that waves where ω/N ≈ 0.71 dominate because
these waves have maximum vertical flux of horizontal momentum. Therefore, turbulent waves can
be excited at this ω/N.
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In order to further investigate Research Objectives 2 and 3, asymmetric topographies were
analyzed. In the asymmetric experiments, the highest total energy was found in waves generated
by the W1W2mF topography on the W2 side of the topography. It was seen that the total KE for
the W1W2F waves is an order of magnitude lower than the KE of the W1W2mF waves. It was
also seen that for asymmetric dual ridges the energy generated in the internal wave field is
nominally affected by the ridges of different amplitude. Based on the difference in slopes of two
topographies, this coincides with the hypothesis that internal wave interaction is causing a decrease
in KE of the wave field, but this again could also be the result of fluid mixing between ridges.
These observations also highlight an effect of topography amplitude. In this research, the
effect of the ridge with the less steep slope was more difficult to discern. Although the KE sum
plots are near identical for both sides of each respective topography, a second ridge with amplitude
equal to the first may increase the amount of energy across the spectrum of k. More investigation
of asymmetric topography would need to be analyzed to further confirm these hypotheses,
however.

3.8 Limitations
In many experiments some energy is found at very low values of k and m that does not
correspond to topography model characteristics or wave generation criteria (ω or N). Furthermore,
the peaks of k and m correspond to oscillation frequency, ω, lower than the input oscillation
frequency. This has been previously discussed by comparing results of this research with the work
of Dohan and Sutherland [7]. Further evidence of this conclusion is that turbulence generated
waves propagate at an angle between 35° and 60°, irrespective of N [8]. The angle of wave
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propagation for internal waves observed ranged from θ = 49.34° for the S1 case up to θ = 60.41°
for the S3 case.
Asymmetric topography cases were not investigated extensively. In order to better classify
the effects of dual-ridge topography with varied ridge height, more experiments with different
topography should be performed. The specimens studied in this research only span a few variations
in topography shape. A larger group of specimen topographies should be studied with varying
peak-to-peak spacing and ridge amplitude. A larger field of view would also increase the resolution
in k and m wavenumber space.
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CHAPTER 4. CONCLUSION

4.1 Contribution
This research investigates internal waves generated by dual-ridge topographies. Four cases
of symmetric topographies, T, M, W, and W2, with three different peak spacings are compared to
their singular ridge counter parts at three oscillation frequencies, ω = 0.6N, ω = 0.75N, and ω =
0.9N. Both subcritical and supercritical symmetric ridges were investigated. Experiments were
also performed for subcritical, asymmetric dual ridges at the middle oscillation frequency. The
internal wave fields were captured with synthetic schlieren and analyzed with the Hilbert transform
and sum of kinetic energy in wavenumber space. An archival manuscript is in preparation for
Experiments in Fluids to report the findings of this research.
The W series topographies at the middle oscillation frequency and high frequency, and the
W2 series at the middle frequencies are the subcritical cases studied in this research. It was
hypothesized that waves generated from each ridge in the dual-ridge topography interact and
effectively decrease the total KE propagating away from the topography or mixing occurs between
the ridges decreasing the effective amplitude of the topography thereby decreasing the energy in
generated internal waves. Based on the results of cases with “Medium” and “Far” peak-to-peak
spacing, this was found to be plausible. Magnitudes of kinetic energy of waves from Far-spaced
topographies were consistently lower than the kinetic energy of Medium-spaced cases.
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The T series and M series topographies at all frequencies and the W series at low frequency
are the supercritical cases presented in this research. For topographies with higher criticality, the
wave is expected to break down into harmonic waves and turbulence. In the supercritical regime,
it was found that topographies generated internal waves with similar wavenumbers and nominally
increased kinetic energy as the oscillation frequency increased. It was posited that supercriticality
of the topography causes an attenuating effect on the wave field into a standard wave mode, but
subcritical cases exhibited similar trends of increasing energy with frequency. Therefore, the effect
of supercritical topography cannot be explicitly determined in this research.
The findings of this research are summarized below.
1. The Near-spaced dual-ridge topography does not have a significant impact on internal
wave field energy generation when compared to the single ridge control.
2. Subcritical cases generate kinetic energy from individual and dual-ridges which increases
the kinetic energy at higher wavenumber.
3. In supercritical cases, generated waves breakdown to a similar wavenumber regime and
kinetic energy magnitude regardless of topography width.
4. Far-spaced supercritical topographies exhibit effects of wave interference and mixing
between ridges reducing kinetic energy generation.
5. Asymmetric topographies exhibit wave field behavior dominated by the steeper ridge
regardless of wave propagation direction.

4.2 Future Work
For the research presented here, a limited investigation was performed on asymmetric
topographies. Quantifying the effect on the kinetic energy conversion of additional asymmetric
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topographies, in particular asymmetric topographies constructed of ridges that aren’t harmonic
wavelengths, would help increase the understanding of internal wave behavior in this regime. The
effect of different ridge amplitude was also difficult to determine, so more research on this subject
is recommended.
The experiments performed in this research were all conducted in an experimental water
tank with a linear stratification gradient. Because the stratification profile varies in the ocean,
investigating the energy generation of internal waves with non-linear stratification could also
improve the current understanding of more realistic internal waves. Furthermore, investigating the
wave field energy of three-dimensional topographies would give insight into more realistic tidal
wave behavior.
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APPENDIX
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Figure A1.1. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the S1 topography.
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Figure A1.2. KE contour plots for the same scenarios as Fig. A1.1.
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Figure A1.3. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the S2 topography.
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Figure A1.4. KE plots for the same scenarios as Fig. A1.3.
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Figure A1.5. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the S3 topography.
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Figure A1.6. KE plots for the same scenarios as Fig. A1.5.
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Figure A1.7. ∆𝑁
topography.

Figure A1.8. KE plot for the right-side middle frequency internal wave generation of the SW2
topography.
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Figure A2.1. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the TN topography.
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Figure A2.2. KE plots for the same scenarios as Fig. A2.1.
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Figure A2.3. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the TM topography.

k (m-1)

k (m-1)

k (m-1)

Figure A2.4. KE plots for the same scenarios as Fig. A2.3.
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Figure A2.5. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the TF topography.
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Figure A2.6. KE plots for same scenarios as Fig. A2.5.
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Figure A2.7. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the MN topography.
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Figure A2.8. KE plots for the same scenarios as Fig. A2.7.
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Figure A2.9. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the MM topography.
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Figure A2.10. KE plots for the same scenarios as Fig. A2.9.
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Figure A2.11. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the MF topography.
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Figure A2.12. KE plots for the same scenarios as Fig. A2.11.
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Figure A2.13. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the WN topography.
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Figure A2.14. KE plots for the same scenarios as Fig. A2.13.
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Figure A2.15. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the WM topography.
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Figure A2.16. KE plots for the same scenarios as Fig. A2.15.
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̃ 2 plots for the right-side low (a), middle (b), and high (c) frequency internal
Figure A2.17. ∆𝑁
wave generation and the left side low (d), middle (e), and high (f) frequency internal wave
generation of the WF topography.
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Figure A2.18. KE plots for the same scenarios as Fig. A2.17.
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̃ 2 plot for the right-side middle frequency internal wave generation of the
Figure A2.19. ∆𝑁
W2M topography.
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Figure A2.20. KE plot for the right-side middle frequency internal wave generation of the W2M
topography.
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̃ 2 plot for the right-side middle frequency internal wave generation of the
Figure A2.21. ∆𝑁
W2F topography.

Figure A2.22. KE plot for the right-side middle frequency internal wave generation of the W2F
topography.
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∆𝑁
KE (J/kg)

̃ 2 plot for the W1 side (a) and W2 side (b) middle frequency internal wave
Figure A2.23. ∆𝑁
generation of the W1W2F topography.

Figure A2.24. KE plot for the W1 side (a) and W2 side (b) middle frequency internal wave
generation of the W1W2F topography.
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∆𝑁
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̃ 2 plot for the W1 side (a) and W2m side (b) middle frequency internal wave
Figure A2.25. ∆𝑁
generation of the W1W2mF topography.

Figure A2.26. KE plot for the W1 side (a) and W2m side (b) middle frequency internal wave
generation of the W1W2mF topography.
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Appendix A3. Kinetic Energy Contour Plotting MATLAB Script
clear;
close all;
for i = 1:6
if i == 1
openfig([dN^2 Plot 1 Location])
name = [dN^2 Plot 1 Name with underscores];
name1 = [dN^2 Plot 1 Name with periods];
N = 1.172;
elseif i == 2
openfig([dN^2 Plot 2 Location])
name = [dN^2 Plot 2 Name with underscores];
name1 = [dN^2 Plot 2 Name with periods];
N = 1.172;
elseif i == 3
openfig([dN^2 Plot 3 Location])
name = [dN^2 Plot 3 Name with underscores];
name1 = [dN^2 Plot 3 Name with periods];
N = 1.172;
%add more elseifs if needed
end
xaxis = [0 300];
yaxis = [0 300];
xlim(xaxis) % reframe dN^2 to focus on k,m of interest
ylim(yaxis)
nameN=strcat('dN2_',name,'.jpg');
saveas(gcf,nameN); % save dN^2
fig = gcf;
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axObjs = get(fig,'Children');
dataObjs = get(axObjs, 'Children');
dataObjs{2};
k = dataObjs{2}.XData; %get k vals
m = dataObjs{2}.YData; % get m vals
dN2 = dataObjs{2}.ZData; % get dN^2 vals
namedN2 = strcat('dN2_km_plots\',name,'_dN2.txt');
dlmwrite(namedN2,dN2,' ') % export dN^2 to delimited table
KE = 0; % initialize KE/zero KE for successive runs
% calc omega w/ dispersion rel
for j = 1:length(k)
for jj = 1:length(m)
w(jj,j) = k(j)*N/sqrt(k(j)^2 + m(jj)^2);
end
end
% calc KE with equation
for j = 1:length(k)
for jj = 1:length(m)
A(jj,j) = (w(jj,j)^2 * N^2);
B(jj,j) = k(j)^2*(N^2 - w(jj,j)^2);
%C = (w(jj,j) * dzN^2/N^2)^2; C = 0 for linear strat profile
D(jj,j) = abs((dN2(jj,j))/(N^2))^2;
KE(jj,j) = (A(jj,j)/(B(jj,j)))*D(jj,j);
end
end
nameKE = strcat('KE_km_plots\',name,'_KE.txt');
dlmwrite(nameKE,KE,' ')

% save KE in table
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[rows,cols] = size(KE); % get size of KE
[rm,cm] = size(m);
[rk,ck] = size(k);
% if cm < ck
%

k = k(1:rows);

% end

%% plot KE
figure(100)
KE(:,floor(cols/2)) = 0;
KE(ceil(rows/2),:) = 0;
contour(k,m,KE)
xlim(xaxis); ylim(yaxis);
colorbar
title(name1)
hold on
nameKE=strcat('KE',name);
savefig(nameKE); % save fig
nameKE = strcat(nameKE,'.jpg');
%

savefig(name);
saveas(gcf,nameKE); % save as jpg

%% sum ke at each k
e_sum = sum(KE,1);
e_sum_app = e_sum(length(e_sum)/2-18:length(e_sum)/2+18); % append e_sum
max_esum = max(e_sum_app); % find max of esum
e_data_table(i,1) = max_esum;
max_ind = find(e_sum_app==max_esum); % find index of max_esum
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k_app = k(length(e_sum)/2-18:length(e_sum)/2+18); % create appended k mtx
max_k = k_app(max_ind); % find value of k and max_esum
e_data_table(i,2) = max_k;
nameesum = strcat('KE_sum_plots\',name,'_e_sum.txt');
dlmwrite(nameesum,e_data_table,' ') % create e_sum table
figure(101) % plot e sum
plot(k,e_sum)
xlim(xaxis);
title('KE Sum')
nameesum = strcat('KE_sum_plots\',name,'_e_sum.jpg');
saveas(gcf,nameesum)
nameesum = strcat('KE_sum_plots\',name,'_e_sum.fig');
saveas(gcf,nameesum)
nameN=strcat('dN2_',name,'.jpg');
saveas(gcf,nameN); % save dN^2
%% get KE and dN^2 peaks
KE_win = KE(rows/2:rows/2+20,cols/2:cols/2+20); % Small window of KE
peaks_KE_win = find(KE_win > 1.6e-10);
peaks_KE = KE_win(peaks_KE_win);
peaks_ind_KE = ceil(peaks_KE_win/21);
KE_max = max(peaks_KE); % get max KE
e_sum_norm = e_sum./KE_max; % normalize e_sum by max KE
nameesum = strcat('KE_sum_plots\',name,'_e_sum.txt');
dlmwrite(nameesum,e_data_table,' ') %table
figure(104) %plot normalized e sum
plot(k,e_sum_norm)
xlim(xaxis);
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title('KE Sum Norm')
nameesumn = strcat('KE_sum_plots\',name,'_e_sum_norm.jpg');
saveas(gcf,nameesumn)
nameesumn = strcat('KE_sum_plots\',name,'_e_sum_norm.fig');
saveas(gcf,nameesumn)
dN2_win = dN2(rows/2:rows/2+20,cols/2:cols/2+20); % Small window of dN2
peaks_dN2_win = find(dN2_win > 0.75e-3); % get peaks of dN^2
peaks_dN2 = dN2_win(peaks_dN2_win);
peaks_ind_dN2 = ceil(peaks_dN2_win/21);
dN2_max = max(peaks_dN2);
%% record KE, dN^2 values with corresponding k and m
if i == 1
q = 1; % counter for KE, dN^2 tables
end
ke_data_table(q:q+length(peaks_KE)-1,1) = peaks_KE;
k_app = k(cols/2:cols/2+20);
peaks_k = k_app(peaks_ind_KE);
ke_data_table(q:q+length(peaks_KE)-1,2) = peaks_k;
m_app = m(rows/2:rows/2+20);
peaks_m = m_app(peaks_ind_KE);
ke_data_table(q:q+length(peaks_KE)-1,3) = peaks_m;
nameKED = strcat('KE_km_plots\',name,'_KE_peaks.txt');
dlmwrite(nameKED,ke_data_table,' ') % table
dN2_data_table(q:q+length(peaks_dN2)-1,1) = peaks_dN2;
k_app = k(cols/2:cols/2+20);
peaks_k = k_app(peaks_ind_dN2);
dN2_data_table(q:q+length(peaks_dN2)-1,2) = peaks_k;
m_app = m(rows/2:rows/2+20);
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peaks_m = m_app(peaks_ind_dN2);
dN2_data_table(q:q+length(peaks_dN2)-1,3) = peaks_m;
namedN2D = strcat('dN2_km_plots\',name,'_dN2_peaks.txt');
dlmwrite(namedN2D,dN2_data_table,' ') % table
q = (i+1) * length(peaks_KE) - floor(2*length(peaks_KE)/3)+1; % increment counter
%% normalized KE and dN^2
KE_norm = KE./KE_max;
figure(2)
contour(k,m,KE_norm)
colorbar
xlim(xaxis);
ylim(yaxis);
title('KE Norm')
nameKEDn = strcat('KE_km_plots\',name,'_KE_norm.txt');
dlmwrite(nameKED,KE_norm,' ') % table
nameKEDn = strcat('KE_km_plots\',name,'_KE_norm.jpg');
saveas(gcf,nameKEDn)
dN2_norm = dN2./dN2_max;
figure(3)
contour(k,m,dN2_norm)
colorbar
xlim(xaxis);
ylim(yaxis);
title('\DeltaN^2 Norm')
namedN2Dn = strcat('dN2_km_plots\',name,'_dN2_norm.txt');
dlmwrite(namedN2Dn,dN2_norm,' ') % table
namedN2Dn = strcat('dN2_km_plots\',name,'_dN2_norm.jpg');
saveas(gcf,namedN2Dn)
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%% sum dN^2
dN2_sum = sum(dN2,1);
dN2_sum_app = dN2_sum(length(dN2_sum)/2-18:length(dN2_sum)/2+18); % append e_sum
max_dN2sum = max(dN2_sum_app); % find max of esum
dN2sum_data_table(i,1) = max_dN2sum;
max_ind = find(dN2_sum_app==max_dN2sum); % find index of max_esum
k_app = k(length(dN2_sum)/2-18:length(dN2_sum)/2+18); % create appended k mtx
max_k = k_app(max_ind); % find value of k and max_esum
dN2sum_data_table(i,2) = max_k;
namedN2sum = strcat('dN2_sum_plots\',name,'_dN2_sum.txt');
dlmwrite(namedN2sum,dN2sum_data_table,' ') % create e_sum table
figure(8)
plot(k,dN2_sum)
xlim(xaxis);
title('\DeltaN^2 sum')
namedN2sum = strcat('dN2_sum_plots\',name,'_dN2_sum.jpg');
saveas(gcf,namedN2sum)
namedN2sum = strcat('dN2_sum_plots\',name,'_dN2_sum.fig');
saveas(gcf,namedN2sum)
%% dN2 sum normalized
dn2norm = dN2_sum./dN2_max;
figure(9)
plot(k,dn2norm)
xlim(xaxis)
title('\DeltaN^2 sum norm')
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namedN2sumn = strcat('dN2_sum_plots\',name,'_dN2_sum_norm.jpg');
saveas(gcf,namedN2sumn)
namedN2sumn = strcat('dN2_sum_plots\',name,'_dN2_sum_norm.fig');
saveas(gcf,namedN2sumn)
%% clear figures, pause
% pause;
clf(100)
clf(101)
clf(104)
clf(2)
clf(3)
clf(8)
clf(9)
close(1)
i
end
close all

125

Appendix A4. Kinetic Energy Summing MATLAB Script
clear
close all
for i = 1:2
if i == 1
m = openfig([KE Plot 1 Location]);
elseif i == 2
m = openfig([KE Plot 2 Location]);
elseif I == 3
m = openfig([KE Plot 3 Location]);
end
axObjs = get(m,'Children');
dataObjs = get(axObjs, 'Children');
x(:,:,i) = dataObjs(1).XData;
y(:,:,i) = dataObjs(1).YData;
close
end
x_avg = (x(:,:,1) + x(:,:,2) + x(:,:,3))./3;
y_avg = (y(:,:,1) + y(:,:,2) + y(:,:,3))./3;
plot(x_avg,y_avg)
nameesum = strcat('KE_sum_plots\6_8_21_ij_e_sum_avg.fig');
saveas(gcf,nameesum)
nameesum = strcat('KE_sum_plots\6_8_21_ij_e_sum_avg.jpg');
saveas(gcf,nameesum)
close all
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